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M S the Laws of Chance have been 
treated of by ſeveral of the moſt emi- 


__ nent Mathematicians of the preſent age, 
it may perhaps be deemed either impertinent or 


needleſs to offer any thing more upon the ſame ſub- 
jet. But as my chief deſign was rather to ren- 


der the following ſheets uſeful, by elucidating 
what has been done by others, than by any addi- 


tions of my own, yet notwithſtanding which J flat- 


ter myſelf that the Reader will meet with ſeveral 
things therein contained, not to be found in other 
authors who have wrote upon this ſubjeft, I hope 
I may in ſome meaſure ſtand excuſed for their 
publication. Of the very few books that have 
been publiſhed upon this ſubje& in the Engliſh 
language, Mr Abraham Demoivre's Doctrine 
of Chances 7s generally received as the beſt ; but 
as there are ſeveral very curious general ſolutions 
in that treatiſe, that are rather too abſtruſe to be 


readily underſtood by thoſe who are not far ad- 
vanced in the knowledge of the Mathematics, and 


alſo ſome other eſſential parts, ſuch as the ſumma- 
ton f ſeri es, A. 4 &c. whoſe inveſti- 
aum 


The PREFACE. 


gations are omitted by that learned author. 1 
bave in the enſuing pages endeavoured to obwviate 


' thoſe difficulties, by conflantly obſerving to make 


the ſolutions of ſome eaſy caſes of a problem, pre- 


ceed the general ſolution, and by giving the in- 
weſtigations of fuch theorems and lemmas as are 


made uſe of in order to facilitate the underland- 
ing of this work. How far ] have ſucceeded in 


' this attempt, I kave to the determination of the 


Reader, who ] hope will eafily be inclined to par- 


den any inaccuracies as to the ſlyle and manner in 
which 1 Lave wrote, eſpecially when ] aſſure him 


that I have honeſtly done my beſt endeavours to 


render what is here publiſhed as eaſy to be under- 
1 as the nature of the ſulject would admit. 
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Page 26, line 10, for * SF; read "JB. 
P. 35, I. 3, fer 16, read 1, 6. 
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P. 37, I. 13, for three games, read one game. 
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"The INTRODUCTION. 


ARTICLE T1, 
N e HE probability of an event hap- 


8 T 4 pening is to the probability of its 


Mer X failing, as the number of diffe- ; 
KNM rent ways by. which it can hap- 


pen, to the number of different ways by 


which it can fail. Thus if I have 4 Chances 


for winning 10 pounds, and 4 chances where- 


by I may not win any thing, my expecta- 
tion will in this caſe be worth 5 pounds, it 


being an equal chance whether I get 10 
pounds or nothing; and conſequently, if a 


perſon was to purchaſe my expectation, he 
ought to give me 5 pounds for it. Again, 


| ſuppoſe a perſon holds a certain ſum of mo- 


B  _ +: ne 


| 
' 
: 


pectation will be 


0 Te Laws of Chance, 


ney. in each hand, and I am to chuſe which 


hand I will, I ſay the value of my expecta- 
tion is in this caſe half the ſum of money 
held in both hands : for ſuppoſe 5 pounds in 


one hand and 7 in the other, then it is evi- 


dent I have an equal chance for either 5 

pounds or 7, wherefore my expectation is 
evidently worth 6 pounds. If I have 5 chan- 
ces to gain 10 pounds and 3 chances to fail 
thereof, then the value of my expectation 

will ariſe by dividing 10 pounds into two 
parts in the ratio of 5 to 3, and taking the 
greateſt part, v/z. 6]. 55. which is the value 
required. If a, c, e, g, are the chances which 
I have for the ſums 5, d, f, b, reſpectively, 
then the value of my N will be ex- 


2 A LAN 
preſſed by 2 ES for © 7 eee | 
is my expectation upon the ſum 6, - 2 my 
expectation upon the ſum 4, and ſo on up- 
on the reſt of the ſums, whence my total ex- 


DIED 22 or reſtoring the 


| Tb. 
value of a, ff =" 


ARTICLE II. 
B UT if we conſider the ratio off the 


probability of an event happening, to that 
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The Laws of Chance. 3 


of its failing, abſtracted from the value of 
the ſum to be won or loſt thereby, then 


ſuch probability may be expreſſed by a frac- 
tion whoſe numerator conſiſts of the chances 


for its happening, and denominator of the 


chances whereby it may both happen and 
fail, thus, if an event has 3 chances to hap- 
pen and 2 to fail, the fraction +, will re- 
preſent the probability of its happening, and 
that fraction whoſe numerator conſiſts of the 
chances whereby i it may fail, and denomina- 


tor of the chances whereby it may both hap- 


pen and fail, will repreſent the probability 
of the event failing, that 1 is +, in the caſe 


ARTICLE II. 


THE fractions which repreſent the pro- 
babilities of happening and failing being 


added together will always make 1 or unity, 
as the probabilities Fl. 


r IV. 


THE expectation upon any propoſed 
ſum, is eſtimated by the product of that 
ſum by the probability of obtaining it. 


ARTICLE V. 
Ev ENTS are ſaid to be pe 


when they. haye no Connexion with one ano- 


Ba es ther, 


4 We Darin f Chance. 


ther, and that the happening or failing of 
ſome of them does not affect the 32 
or failing of the others. 


Aren VI. 


THOSE events are ſaid to be depen- 
dent when the probability of any of them 
happening or failing, affects the N 
of the remaining ones. 


AR TIC ILE VII. 

THE probability of two events (inde- 
pendent of each other) happening, is equal 
to the product of the probabilities whereby 
thoſe events may happen ſingly. Suppoſe 
with a common die of ſix faces I undertake 
to throw the ace twice ſucceſſively, and in 
caſe I ſucceed to receive a certain ſum 8, ima- 
gine I have already thrown the ace once, 
then I have one chance for the ſum 8 and 5 
for nothing, whence the value of my expec- 
tation after having thrown the ace once is 
ixS (Art. I.) But before I begin to throw 
1 have one chance for z*S and 5 for no- 
thing, whence xx is (Art. I. the value 
of my expeftation upon the ſum S, and con- 
ſequently E is the probability of obtaining 
the ſum 8. By the ſame way of reaſoning, 
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the probability of throwing three aces ſuc- 


celle with a ſingle die is found to be 
*. 


| | Corollary. | 15 
Since the probability of happening of two 


or three events may be conſidered as com- 


pounded of the reſpective probabilities of 


their happening ſeparately, it follows that 
the probability of the happening of any num- 


ber of events, 2. e. that they ſhall all happen, 


is equal to the product of the probabilities of 
thoſe events happening conſidered ſingly. If 


inſtead of throwing an ace three times ſuc- 


ceſſively with a ſingle die as in the example 


above, it had been required to throw three 
aces in one throw with three dice, the pro- 
bability would have been exactly the ſame : 
and here let it be obſerved that in many other 


caſes where one event is or may be conſider- 


ed as compounded of ſeveral others more 
fimple, which are all decided at the ſame 
time, as in throwing of dice, &c. it will fact- 


hitate the reaſoning very much to ſuppoſe 


them determined one 125 one in a ſucceſſive | 


order, 
AR T IC LE VIII. 


THE probability of the happening of 


two events (dependent on each other) 1 1s equal 


1 Eo 
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. 5 of Chance. 


do the product of the probability of the hap- 


pening of one of them, by the "robability 
which the other will have of happening when 


the firſt ſhall have been conſidered as having 


happened. Suppoſe that out of one ſingle 


heap of 13 cards of one colour, it ſhould be 


required to take out the ace in the firſt place, 
and then the duce, and that it were required 
to aſſign the probability of doing it. Ima- 
gine that I am in caſe I ſucceed to receive 

the ſum 8, and ſuppoſe that I have already 


taken out the ace and were to draw the ſe- 


cond time, it is evident that there are 12 


cards left, out of which there are 11 againſt 


me and but 1 for me, therefore my expecta- 


tion is in this caſe S Art. IV.) therefore 


before I begin to draw I have one chance for 


8, and 12 chances for nothing, ence 
my expectation f is truly expreſſed by x 7 
8, and N is the required bey 
From hence it may he inferred that the pro- 


bability of the happening of two events de- 
pendent, 1s equal to the product of the pro- 
bability of one of them happening by the 
probability of the other happening, when 


the firſt ſhall have been conſidered as having 


happened, and the fame rule will extend to 
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The oy of Chats = 7 


the happening of any given. number of aſ- 


ſigned A 
We have ſeen before how to Site the 


probability of the happening or failing of as 


many events independent as may be aſſigned, 


we have likewiſe ſeen in this laſt article how 


to determine the probability of the happen- 


ing of as many events dependent as may be 


aligned. But to determine the probability 
that of given events dependent, ſome of them 
| ſhall happen and at the ſame time, the pro- 


bability of failing of ſome others, being a 
matter of ſome difficulty, will be ſhewn far- 


ARTICLE IX. 


IF I have ſeveral expectations upon ſeve- 
ral ſums, it is very plain that my expectation 
upon the whole is the ſum of the expecta- 


tions I have upon the particulars. Thus 


ſuppoſe there are two events, ſuch that the 


| firſt has 3 chances to happen and 2 to fail, 
the ſecond event has 4 chances to happen and 
5 to fail, and that I be to receive the ſum 


of 40 pounds in caſe the firſt ſucceeds, and 


to a like ſum of 40 pounds in caſe the ſe- 


cond ſucceeds alſo. The value of my expec- 
8 1s + In the firſt caſe I have 3 
mn 4 „ 


8 The Laws of Chance. 
chances for 40 pounds and 2 chances for 
nothing, my expectation in this circumſtance 
1s (Art. I.) worth +x40, and upon the ſe- 
cond event I have 4 chances for 40 pounds 
and 5 chances for nothing, my expectation - 
in this caſe is worth 4x40 (Art. I ) and con- 
ſequently my total expectation is worth 
3x40+$x40 Or 417 pounds. But on the 
other hand if I am to receive 40 pounds in 
caſe that one or other of the two aforeſaid 
events ſhall happen, then the method of ſo- 
| lation will be ſomewhat different, becauſe 
under this conſideration my expectation on 


the ſecond event will ceaſe upon the happen- 


ing of the firſt, and that therefore this ex- 
pectation takes place only in caſe the firſt 
doth chance to fail. Now if the firſt has 
failed then J have 4 chances for 40 pounds | 
and g chances for nothing, whence the value 
of my expectation 18 * 40, wherefore before 
either event is determined my expectation 


8X 
— ＋ 2 or + of 40 pounds, 


that is 31+ gd The Feed might have 
been 1 otherwiſe, thus, The pro- 
bability of the firſt event failing is; (Art. II) 
and that of the ſecond happening +, whence 
the _—— that the firſt ſhall fail and the 
ſecond 


will be worth 
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a, ace the firſt throw of which the probability 


ſecond happen i is K { Art VII. ) But if the 


firſt ſhould happen, of which the probability 
is „ J am intitled to the ſum depending, 


therefore my total probability is 2x$++ or 2, 


| and my total expectation x 40 pounds, or 
315 (Art. TV J the ſame as before Se | 
mined. 


In order to make the Nan Articles 


familiar it may not be amiſs to apply them 


to the ſolution of ſome eaſy Problems, ſuch 
as are the following. 


P ROB L E M I. 

To find the probability of throwin g an 

ace in one throw with two common dice. 
SOLUTION. ; 8 


Imagine the ace excluded from each die, 
then there will be but five faces upon each 


die, and con ſequently all the different ways 


that they can come up, viz. 25, will be the 
chances for miſſing an ace, which ſubtracted 


from 36, all the chances upon two dice, leaves 


11, the number of chances for throwing an 


ace in one throw and the probability 2. If 
we ſuppoſe the dice to be thrown ſingly the 
problem may be ſolved thus, If I throw an 
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The Lows of Chance, 


the firſt throw, of which the probability i 1s 8 


I muſt to win throw it in the ſecond ; — Sing 
fore the pobability of miſſing it the firſt throw | 

and throwing it the ſecond being * 1 

VI.) it follows that & s or +; is the to- 
tal probability, the ſame as before. 


Hence it is evident that let the number of 


dice be what they will, the chances for miſ- 


ſing an ace each throw with thoſe dice, will 


2 expreſſed by the number of different ways 


that the ſaid dice, each having one face Jeſs 


than before, can come up; that is, if n be the 


number of dice to be thrown, F the faces 
upon each, then the probability of miſſing 


an ace each throw will be r. — and that of : 
throwing it 1 (Art 3 =. 


6s EH II. 


To find the probability of throwing one 
ace and not more, in one throw with 4 
dice. 


8 o LU 11 o x. 
Conceive each ace upon any three of the 


dice n then the throw will be made 
with 


is 4 I win, and conſequently. have no occa- 
ſion to throw again. But if I miſs the ace 
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The Laws of Chance. 11 
with 4 dice, three of them having no ace, 
and the other die one. Now with (125 the 
cube of 5) all the ways that the three dice ſo 
reduced can come up, the ace of the other 
may be combined, but as the ace of any other 
die might have been retained, it follows that 


the number of dice multiplied by 125, gives 


the number of chances for throwing one ace. 


preciſely, viz. 500, whence the probability 
is Bg. Or it may be found thus, The pro- 


1 2 9 6® 


bability of throwing an ace the firſt throw, 


and miſſing it three times ſucceſſively after- 
wards with a common die, is *, EXA (Co- 
rol. Art. VII.) But becauſe the probability 
will be exactly the ſame for throwing an ace 
the ſecond, third, or fourth time and miſſing 
it the others, it follows that the required 


509 


Probability will be 4x4x4x$£x$=#22 the 


ſame as before. 
4, ..', Corollary. | 
If the number of chances for throwing 


one ace preciſely, viz. 500, be ſubtracted 
from 1296, all the chances upon 4 dice, the 


5 remainder 796, will be thoſe for not throw- 
ing one ace preciſely, and are alſo thoſe for 
throwing either no ace, or twoat leaſt, whence 


if it were required to find the probability of 


throw, ng two aces at leaſt in one throw with 
1 dice, 


2 De Laws of Chance. 


4 dice, we need only ſubtract the chances for 


miſſing one ace, v/z. 625 from 796, and we 


have 171 for the required chances, 7.7; 5 2 5 


92 125 6 


e ee 
:P R 0 B L E M III. 


To find the probability of throwing | two 
aces preciſely, in one throw with 4 common 


dice. 


SOLUTION; 


Let us ſuppoſe the aces on 2 dice taken 


away, and on the other 2 only the aces left, 
then in each throw we ſhall be certain to 


have 2 aces come up. Now the 2 dice with-' 
out aces may come up 25 ways, with each 
of which the 2 aces muſt come up alſo. But 


as we were at liberty to reduce any other 2 


dice, it follows that as many difterent pairs 
as can be taken in 4, that is 6, juſt ſo often 
muſt 25, the chances upon the dice without 


aces, be repeated to give thoſe required, equal 


to 150, whence the required probability i 18 


1296" 


l Crrollary. 


It is evident that 1296—1 50, leaves the 


chances for miſſing two aces preciſely, that 
is 1146, theſe contain thoſe for throwing 
either no ace, one, or three at leaſt, whence 

to 


oy 


JE VETS 


The Laus of Chance. 13 


to find the chances for throwing three aces  * 
at leaſt, in one throw with 4 common dice, 
we muſt from 1146 ſubtract the ſum of the 
chances for miſſing all the aces, and throw- 
ing one preciſely, that is 1125, wherefore 
the chances: required are 21, and the pro- 
babily r 1 2 - Fo | 


; PROBLEM IV. 
N Let there be a heap of 16 counters, whereof 
ö are red and 10 black ones, what is the 
probability that in drawing two of them 
blindfold, Wer lh all be both red ones. 


=. SoLUTION. - | 
6 | Suppoſe them taken one by one. IF the 
firſt drawn ſhould be a red one, of which 
the probability is £;, the probability upon 
the ſecond will be , and that of both theſe 
_ events happening -*:x5- (Art. VII Jor Ye. 
the probability ſought. _ 
: If the agreement be ſuch, that either the 
Hirſt or ſecond counter drawn happening to 
be red, the drawer ſhould be intitled to a 
certain ſum 8, his expectation may be found 
thus, If the firſt drawn counter is a red one, 
his expectation upon the ſecond will entirely 
vaniſh, We * one red counter in- 
* ſures 


14 The Laws of Chance. 


| ſures to him the propoſed ſum, but if a black 


one ſhould be drawn firſt, of which the pro- g 3 
bability is 1, his expectation upon the ſe= _ 


cond drawing will be -xS, whence his to- 


tal expectation is INS or 5x9. 
The probability of ſucceeding may be deter- 


mined with more facility by finding the pro- 
| bability of drawing two black counters ſuc- 
ceſſively, and fubtracting it from unity, the 
remainder being certainly the probability of 
drawing either both red counters or one of 


each colour, but whichſoever of theſe ſhall 


happen, the drawer wins. Now the proba- | 
| bility of drawing two black counters ſucceſ- 
ſively is 22 Ao 5 which ſubtracted from unity 


leaves +5, or +, this multiplied by 8, gives 


the value of the drawer's | expectation, the 


ſame as betore. 


PROBLEM v. 
Let there be a lottery conſiſting of 100 


tickets, wherein there are four prizes; to find 


the probability that in the three firſt tickets 

that are drawn, there ſhall be one prize at 

SOLUTION. | 

Here it 1s evident that if we find the pro- 

bability of the three firſt drawn tickets being 
all 


WS, duce and tray, ny one for him, the 
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all blanks, and ſubtract it from unity, the 


' remainder will be the probability of drawing 
one prize at leaſt. The probability of draw- 
ing a blank the firſt time is 24. If a blank 


ſhould be ſo drawn, there then remains 99 
blanks, and the rr of drawing the 
next ticket a blank is 3, that of the third 


ticket being a blank 2, whence N 2x24, 
is (Cor. Art. VII.) the probability of the three 


firſt drawn tickets bein g blanks, and there- 


fore 1=25-x25x24 or e 18 the require 


100 


probability, or that of taking one or more 


Prizes in the three firſt drawn tickets. 


Cullary. 
Hence it appears, that in many caſes it * 


be much more convenient to inveſtigate the 


probability of the contrary to what is requir- 


ed in the problem to happen, rather than the 
probability of what is ſpecified therein. 


PROBLEM VI 


A perſon with a ſingle die undertakes to 
throw the ace twice, before- either the duce 


or tray once ; required the proportion of the 
odds againſt him? 


8 SOLUTION. 
There being two chances againſt him, 


ace, 


16 The Laws of Chants 
ace, his probability of bringing up the ace 
at any ſignificant throw will be +, and that 
of ſucceeding twice ſucceſſively, will be * 


or +, hence the odds are as 8 to 1. 


PROBLEM VII. 


Suppoſe an heap of 13 cards of one co- 
lour, and another heap of 13 cards of ano- 
ther colour; what is the probability that in 
taking one card at a venture from each heap, 


I ſhall take the two aces! ? 


SOLUTION. 


The e probability of taking the ace from . 


the firſt heap is . Now it being very plain 
that the taking or not taking the ace from 
the firſt heap has no influence in the taking 


or not taking the ace from the ſecond, it fol- 


| lows therefore, that ſuppoſing that ace taken 


out, the probability of RO the ace from the 
ſecond heap will alſo be , theſe two events 


1339 


being independent, the probability * their | 
both r will [> Art. VII * be 7 


or . 


N 


ARTICLE . 


Let x denote the probability of happening 
of one event, y that of a ſecond, 2 at a third, 
then 


De Laws of Chance. 17 
then it will follow that 1—x, I—y, 1 — 2, 
will repreſent the reſpective n of - 
their failing. 5 
Let it be required to find the probability 
of the happening of them all, it is plain that 
by what has been already demonſtrated, the 


anſwer will be xx x Z. If it be required to 
find the probability of their all Il failing, the 


anſwer will be 1—xx 1—y x 12. Let it 
be propoſed to aſſign the probability of ſome 
one of them, or more, happening. As this 
queſtion is equivalent to this other, What is 
the probability of their not all failing, the an- 
ſwer will be 1—i— X 1 x1-z. Let it be 
demanded what is the probability of the hap- 
pening of the firſt and ſecond, and at the 
ſame time of the failing of the third, the 
anſwer will be xxyx1—z. And for the 
ſame reaſon the probability of the happening 
of the ſecond and third, and the failing of 
the firſt, will be y zx 1—zx, And again, for 
the probability of the happening of the firſt 
and third, and the failing of the ſecond, the 
= anſwer will be x2X1—z, and the ſum of 
> theſe three pr obabilities, VIZ. x xy x i 


[3 5 n q . | ; 4 - 2 1 F * 1 8 15 8 e 
Z . 25 3 I 3 « W 
8 7 7 ; 7 . DES Wage NE r 5 . SN 8 W 
; - - 35 * - \ - 5 2 5 . . er ES dt et SOT $2 CEN oe RE NPY TRE dE wy 7; \ e N A e 2 
T j !... . 
Iꝙ½J½ũJĩ /// JJJVVJJVddddVddddddddd e e 
ni ors e 2 ͤ ͤ IE Lear nd 8 . 5 OED 3 . r e e .. N Np: 4 I? 
PN EE EC . a as an e e 


Y2X1—x+x2X1—z will expreſs the pro- 
bability of the happening of any two of them, 
but of no more than two. 


18 Ae Lows of Chance. 
If it be demanded what is the probability 


of the happening of the firſt, to the exclu- 


ſion of the other two, the anſwer will be 


xXX1—zX1—x, and in the ſame manner the 


probability of the happening of the ſecond, 
to the excluſion of the other two, will be 


YXI—xXXI—2> Laſtly, the probability of 
the happening of the third, to the excluſion 


of the other two, will be zx 1—z x i. The 


ſum of theſe three probabilities, viz. x x 1 —y 


3 
will expreſs the probability of the happening 
of any one of them, and the failing of the 
other two. In this manner may other caſes 
of the ſame nature, belonging to any given 
number of events, be ſolved, ſeveral exam- 


ples of which the reader will meet with in 


the enſuing pages. 


End of the INTRODUCTI1ON, 
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SOLUTIONS of /everal forts of 


Problems deduced from the rules laid 
down in the Introduction. 


PROBLEM 
N number of things a, 6, c, d, e, - 
Kc. being given of the ſame ſhape 


and ſize, out of which two are to be taken 


as it happens; to find the probability that 


(4) ſhall be firſt taken, and (9) next. 


SOLUTION. 
The number of things being ſix, the pro- 


ability of drawing (a) firſt is +, if this 


ſhould happen there remains but 5 letters, 
and the ( undrawn, whence the probabi- 


lity of drawing that letter next is , and on 5 


of both theſe events n r * + or 


Corollary. 

An given number () of letters as A, B, 
C, D, E, Sc. or things repreſented by them, 
3 being 
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being drawn one by one, the probability of 
taking A firſt will be , that of taking B next 
c. to (p) terms, (þ) be- 
ing the number of letters or things to be ta- 
wha | A (by Corel. Art. VII.) — X— X 
— „Sc. (þ) 18 the probability that the 
72 4 ſhall be drawn in the order aſſign- 


ed, vis. A firſt, B ſecond, C third, &c. 


Corollary II. | 
If all the letters or things be to be drawn, 


then Pn, and the * becomes 
1 i 


— why * e. 6 1. NIN 75777) there- | 
fore ſince there is but one way for all the 
letters, or things repreſented by them, to 
come out in the required order, it follows, 
that the denominator of the above fraction 
contains all the different ways that the ſaid 


n letters can be varied, and is commonly 


called the number of changes or permutations 
of the given quantities. 


PROBLEM: N 


Any number (7) of things, as A, B, C, D, 
E, Sc. being given, to find the probability 
that in taking any number {p) of them as it 
* they ſhall be the ( ?) firſt of the 

fore- 
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foregoing order, without any regard | to 
order between the Quai drawn. 


| SOLUTION. 
Let the things be drawn one by one, then 
| becauſe in the whole there are (p) aſſigned 
ones, the probability of drawing one of thoſe 
will be , if one ſhould be ſo drawn, there 
remains 2 1 things in all, of which 7—1 
are of the aſſigned ones, the probability of 
drawing one of thoſe next will therefore be 
==, as that of both theſe events happen- 


ing £ x , ſuppoſe this has happened, 


there tien remains 2—2 things in all, of 
which p—2 are of the aſſigned ones, and 
conſequently the bes, ot taking one of 


thoſe next will be © 22 whence (by Corollary 
A.. VII.) 1 will be the pro- 


25 
bability of ſacernding three times ſucceſſively, 
and from hence the law of ni 18 


manifeſt, viz. X * K =, Sc. ( 
wherein it is vitible, that let p ; be what it 
will, the numerator of the laſt factor will 


be 1, therefore the expreſſion becomes 


S 
XI X* 2—2 (5 


the probability required, 
3 which 
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1X An—1 —1 * nz n.—2 & —3 


i len from 1 leaves = 


& ..(þ)—1X2X3. 1 
v 


n X Nn — IX ANn— 2 


the . of not 


taking (p) 3 * conſequently the 
proportion between the number of ways by 


which the event may happen and fail, is as 
1 1 Sc. (Þ) to nx nl , Xn; 
Sc. [ =1x2X3X4, Sc. (p Now as 


there 1s only one way by which the event 


can happen, thoſe for its failing will be 


eee . 0% 
 1X2X3X4X5X6 (Y e IX2X3X4X5X6 (þ) 


will denote the number of different ways by 


which (u) things may be taken p, by p, and 


is commonly called the combinations of 


quantities. 
Otherwik, 

| Suppoſe as before the things to be drawn ; 
ſingly, and that I had already taken þ — 1 
of the aſſigned ones, it is evident 7 —p + 1, 
are thoſe remaining of the whole number , 
and therein I have one chance to win, or to 
obtain a certain ſum 8, and 7 —p chances 


for nothing, t the value of 59 expectation 18 


in this caſe (by Art. I.) ——— R. If I have 


proceeded right for only p—2 times of draw-_ 


ing, then the value of my expectation is (by 


Ht. 
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pectation will be worth 
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1X2XsS-- 3 
Art. * 8 By the ſame way 


of reaſoning, before I begin to draw, my ex- 


iX 2 X 3 2&8 
| EI X n—p+2 --(Þ) 
whence the number of combinations of ( 


things taken p, by p, p, is equal to 


—— —— 
nn,, 7 nes (p) 


Example. 
How many different pairs or combinations 


of two, can be made with four aces. Here 
uſing the firſt theorem, we have X b, 


7 being 4 4 and p, or by the ſecond theo- 


rem 2 2 Ab, the ſame as before. 


1X2 | 
PR 0 B L E M i 
Let there be a given number of things, 
whereof ſome are ſeveral times repeated, for 


inſtance, a, a, b, h, c, c, c, c, e; what is the 
probability that by drawing theſe letters, or 


things repreſented by them, one by one, un- 
til they are all exhauſted, they ſhall come 


out in the very ſame order as they are here 
placed, that is, that all the g's nal come 
out firſt, the b's next. 


C4 pry” 
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| SOLUTION. 


There being nine letters in all, and two 
of them 2's, the probability of the s com- 
ing out before any one of the other letters is 
2x+, that of drawing the 4's next * 4, 
wherefore the probability of drawing the 4's 
firſt, and the 4's next, is x x, Or ve 
If this happens, there is no need of proceed- 
ing any farther, for the taking c next is a 


certainty. 13 
rollary. 


If there be ſeveral ſorts of things mixed to- 
e as p of the firſt ſort, q of the ſecond, 
7 of the third, s of the fourth, &c. and the 
number of things ſo mixed be called , the 
probability of the ſaid forts coming out in 
the propoſed order, will be equal to 
I Xx 2 X z. c. {p)X1X2X3X4,6&c. xX 2X AN 5, Oe. 
N : N eee 
(Daura De 2 

1—8 X 19, c. 
conſiſts of as many parts as there are ſorts to 
be taken, and the denominatar of as many 


wherez ein the numerator 


1 factors, as is denoted by the number of fac- 


tors in the whole numerator. 
Example. 


| al there be 20 counters of the ſame ſhape 
and ſize, whereof three are marked each 9, 
four 
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four marked each 5, and four each marked 
c, the remaining nine each marked d. It is 
required to find the probability that drawing 
them one by one, all the 2's ſhall come out 
firſt, the 3s next, and the cs third. Here 


na prag, g==4, T4, whence the 


expreſſion for the required probability is 
| 1X2X3X1X2X3X4X1X2X3X4 _ : | 

 20X19X18X17X16X15X14X13X12XI1X1IO equal to 
+ | 


 T939938000* 


PR O'B:L'E NM IV. 
If A and B play together with ſingle bowls, 
and ſuch be the ſkill of A, that he knows by 
experience he can give B two games out of 
three; what is the proportion of their ſkill, 
or what are the odds that A may get any one 


SOLUTION. 0 ; 
Since A can upon equality of chance give 
B two games out of three, it is evident A 


muſt undertake to win three games before B 


wins one. Let A's chances for winning any 
aſſigned game be (a) thoſe for the contrary 


(9), then his pr obability of winning the firſt 


game will be = (Art. I.) and that of win- 
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ning three games ſucceſſively <= g 7x — 
(Chr. Art. VII.) But as they are ſuppoſed 


to play upon equal terms, the laſt determin- 
ed probability muſt be qu to 2, (Art. II.) 


whence the equation = =>. + Conſequent- 


y b :: V-: VT, or as go 13 
nearly. 
 Gorollary. 
It A undertakes to win (in) times before 
B wins once, upon equality of chance, then 
A may juſtly lay the odds of 1 to ar, 
that he wins any * aſſigned. | 


PROBLEM V. 


A has two chances to beat B, and B has 
one chance to beat A, but there is one chance 
that intitles them both to withdraw their own 
take, ſuppoſe S; it is required to find the 
gain of A, 4 
. SOLUTION. 


It is Haent that A has two chances to 
gain 2 8, one chance to obtain 8, and one 
chance nat to receive any thing, whence (by 
Art. I.) => is the value of his expectation, 

from which ng 1 his ſtake 8, the re- 


mainder 
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mainder 2, is his gain. But if the ſaving 
clauſe, or that chance that intitles A to with 


draw his ſtake be excluded, then he has 2 
| chances for 2 8, and 1 chance for nothing, 
_ conſequently his expectation is worth . 
from When, ſubtract his ſtake 8, there re- 
mains 5, his gain. But to make the ſolu- 
tion more general, let A and B be ſuppoſed 
to depoſit the ſum (, and let (@) repreſent 
the chances A has to beat B, and (4) thoſe 
which B has to beat A. Suppoſe alſo there 
are (n) chances common to both, that is, 
for A to take ſuch a part of the whole ſum 
laid down, as is expreſſed by £, B to have 
the remainder. Now A has (a) chances for 
21 0 chances for nothing, and (m) chances 
for Lx 26, whence (by Art. I.) the value of . 


his expeRtation | 33 LIE -, which leſſened 


ar brew 
by (S) his ſtake leaves his gain inp wes. 


If we Juppoſe r 75 common chance, then A's 
gain will be < fx cnt 5s. If it were required to 
aſſign the ratio of þ to r, ſo that the gain of 
A ſhall be the ſame in both Wers then 


rat2mp—br_mr 


CE muſt be equal to — - * from 
which 


. 
. 
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which n we get, by proper reduction, 
2. : hence we may infer that if the 


parts of the whole ſum depoſited, which A 
and B are reſpectively to take up, upon the 
happening of the ſaving chances (m), are in 
the proportion of à to 5, then the common 
chance gives no advantage to A, above what 
he would have had, if thoſe n had not 
exiſted. 


PROBLEM VI. 


-Thire are two parcels of three cards, the 
firſt containing king, queen and knave of 
hearts; the ſecond parcel the king, queen and 


knave of diamonds. Now ſuppoſe I am pro- 


miſed the ſum 8 in caſe that in taking a card 
out of each parcel, I ſhould take out either 
"alk te of hearts, or the king of diamonds, 
it is required to find the value of my * 

tation. 


SOLUTION. 


Imagine I have drawn a card from one 
heap, and miſſed taking out a king, then I 
have 1 chance to draw a king from the other 
heap, whereby I get the ſum 8, and 2 chan- 
ces to miſs drawing the king, whereby I do 
not get any * in this caſe my expecta- 

tion 


7 


29 


. 
P 


of trials. 
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tion is worth = 1 8, fo that before I begin * 


draw I have I chance for 8, and 2 for 28 


whence 2 is the value of my 3 | 


De ſame otherwiſe. | 
The probability of taking the king of hearts 
from the firſt parcel is =, if this ſhould not 
happen, of which the probability is , I have 


ſtill the chance for ſucceeding in the ſecond - 
Parcel, wp probability of which is , where- 


fore X + 1s the ſecond part of my Probabi- 


3 ty, which added to +, my firſt part, gives 


5 my total probability, hence * 8 is the va- 


Jue of my expectation (by Art. IV.) 


PROBLEM VIL 


| Suppoſe the number of chances for an 
event happening to be (a), thoſe for its fail- 


ing (5), in any one trial; it is required to 
find the probability of the event happening 


preciſely (p times, in a given number (1 


Gan 
Becauſe the event is to happen (9 times, 


and not more, in () trials, it is evident 
whenever it has happened (p) times, the re- 
maining trials muſt fail, otherwiſe the event 
does not happen ( 2 times preciſely 1 in (n) 


trials. 
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happening (P ) times ſucceſſively = 
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trials. The an of the event huppen- 


ing in any one trial i is = 150 3: and that Ay its 


„ The 
probability of its falling (np ) Tas 18 


Py bop of BE WE FD, 
a therefore Fwy gran = 7, is the 


probability that the event ſhall hap ppen 


the firſt (p) trials, and fail all the — 


trials. But there being the very ſame pro- 


bability for its happening any other (p) aſ- 
ſigned trials, and failing the reſt, it follows, 
that as many different ways as þ things can 
be taken or combined in (=) things, juſt fo 
often muſt the ſaid probability be repeated, 
to give the required one. 1 Os 


of (p things in (n) is = x = x , Sc. (p 


(by Prob. II.) whence - —X—X INS] Sc. (þ) 
af XxX þ n—p | 
a- 


, is the probability ſought. 


Example I. 
A perſon withfivecommondice undertakes to 


throw one ace and no more, at the firſt throw; 


what are the odds againſt him? By ſuppoſ- 
ing the dice thrown ſeparately, and the five 
trons as ſo many trials, we have u., pl, 


A==l, 


25. Laws of Chance. 1 
el, b=5, and —X _ = 15th, the 


odds as 4651 to 3125. 
Example II. 

What is the probability that in throwin 8 

up five halfpence there ſhall come up two 

heads preciſely? Here a1, b==1, p=2, 


* Rl at x bn—t ES 
3 N= 5, and —x 3 — ==, the 


EI 


probability required 
PROBLEM VI. 


If the number of chances for an event 
5 happening, and failing, be (@) and ( re- 
ſpectively; what is the probability that the 
event happens chree times at leaſt, in five 
trials. | 
' SoLuTto N. 


The probability that the event ſhall hap- 


pen once preciſely is (by the laſt Problem) 


5 54 4 22 54 4 « 
= therefore 1 — 5 18 the probability 


of the contrary. T he probability that the 
= event ſhall happen twice is (by the laſt Pro- 
1 104 * 53 


blem * = and the probability that the 


Now 


event ſhall not happen at all is 
3 1 it 


35 
42 T5 
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it is very evident that the ſum of the two 
laſt — being ſubtracted from 1 — 


82 3 ; 20687 5 1 
as ? F 
3 2 dee 
equal i for the probability that 


the event happens three times or oftener, in 
5 trials, wherein we may obſerve that the 
numerator conſiſts of the three firſt terms of 
the binomial a-+6, raiſed to the fiſth power, 
and alſo that the exponents of the ſingle 
powers of (a) are no where to be found leſs 
than 3, the number that denotes the times 
(at leaſt) the event is to happen, conſequently 
the remaining terms of the binomial, will 
expound the number of chances for the event 
not happening ſo often as 3 times in 5 trials, 
and univerſally if (=) be the aſſigned num- 
ber of trials, ) the number of times the 
event is to happen at leaſt, in thoſe trials, 
the probability of ſucceeding will be found, 
by raiſing 4 - to the (n power, from 
thence ſelectin 8 all the terms wherein the ex- 
Ponent of (a) is either equal to, or greater 
than (p), and dividing their ſum by 33". 
The remaining terms of the binomial fo 
_ raiſed, or thoſe where the exponents of the 
mo powers of (a) are leſs than {p) being 

| added | 
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added together, and their ſum divided by 
7X7, will give the probability that the event 
mall not happen ſo often as 2 times in & ) 
trials. | 

Example T. 

A with four common dice undertakes to 
throw two aces at leaſt, in one throw; re- 
quired his probability of doing it. Here if 
the number of dice be conſidered as ſo many 
trials, we have 1==4, Þp=2, Wherefore a-þb 


being raiſed to the fourth power, and from 
| thence the three firſt terms being ſelected, we 


ee for the probability, 


equal to 58, 4 being I, and 6, 5. 
| Example II. 


Suppoſing one to throw up nine beißen 
what are the odds that there ſhall come up 
more than three heads. Here , a=1, 

b—1, p==4, wherefore taking thoſe terms of 
a-+-6b, raiſed to the ninth power, where the 
exponent of the ſingle powers of (@) 1s either 
equal to, or greater than 4, will give 1+ 9g 
+36+84 (=1 39) which being divided by 
512 (1+1*) quotes 5; for the probability of 

bringing up four heads or more, whence the 
3 odds as 19 1 to 6 5. 
D | PRO- 


have 
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„ 4+Þ:# % + hy » at 
If A can without advantage, or diſadvan- 


tage, give B one game out of three ; what 
are the odds that A ſhall take any one game 


aſſigned, or in other terms, what is the pro- 
0 n of their ſxill. 


SOLUTION. 
| Becauſe A can without any diſkburitage 


give B one game out of three, he muſt, to 
beat B, win three games before B wins two, 


from whence it appears, that the play will 


end in four games at moſt, for if A gets two 


and B one, the next game will evidently de- 
termine the play in favour of one of them, 
wherefore ſeeing the play will neceſſarily be 
ended in four games, let {a) and ( be their 
reſpective chances for winning any aſſigned 
one. The probability of A's _— three 


TY 3 
times at leaſt in four trials 3 On . (by 


the laſt Prob.) and that of B's winning mice 


b*+45*a+64* a* 
TT 


or oftner. in four trials, IS 


theſe probabilities, becauſe they play upon 


equality of chance, muſt be equal to each 


other, hence this equation a A 


＋ 4 ? a, let a : b:: 1:2, then 


az 


£5 
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a 2==6, ſubſtitute @ 2 for þ in the equation, 


at becomes 1 +4 z—=2*+ 4 2 *+62* ſoly- 
ed 2 :16 nearly, whence à to þ as 5 to 8. 


PROBLEM X. 


A and B, whoſe proportion of {kill, or 
chances for winnin g any aſſigned game, are 
as (a) to (6) play together, and they find that 
A wants 5 games of being up, and B 35 
what are the Ferns probabilities of win- 
ning? 

© SoLvTION. 

It 1s ns the play will be ended in 7 
games at moſt, for ſuppoſe A gets 4, and B 
2, then they want only 1 game each of be- 
ing up, therefore the next will terminate the 
play: this being premiſed, if A wins 5 games 
in 7, he beats B, of which the probability is 


— 427474 223 
7 , and 1— es 
1 eee f 
3 a +6” s B's 
probability of beating A, or of getting 3 
games before A gets 5. 


PROBLEM XI. 
A and B, whoſe chances for winning any 
aſſigned game are as (a) to (6), having play: 
"WS ed 


36 De Laws of Chance. 
ed together ſome time, find that the former 
wants (p) games of being up, and the latter 


( 7); what are their reſpective POE of 
winning. 
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SOLUTION, 
The play will be ended in p-+q — 1 games 

at moſt, for ſuppoſe A has got p— 1 games, 
and B q— 1 games, then they each want one 
of being up, and conſequently the next game 
will terminate the play: hence pm 1 + gi 
＋ 1 or p+q—1, are the games at the end 
of which, either A or B will be up. Put 
p- in, then if A wins (p) or a greater 
number of games in (x) B loſes, of this hap- 
pening the ny will 75 found equal to 

eo bna” 7 ＋ * Xa” nx x. —3..aof Xb 

r 5, RY 

which ſubtracted from unity, leaves 


ä 


p* 6 DN 67 N 


. the | 
| a +6" | . | 
Probability that B wins the let. 
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Three gameſters, A, B, and C, play toge- 
ther on this condition, that he ſhall win the 
ſet who has ſooneſt got a certain number of 
games, the proportion of the chances which 

each 
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each. 


be expreſſed by the ſum of all the different 
= _ probabilities which he has for winning — 
gam before either B wins two, or C 
B's total probability, by the ſum of all the : 
different probabilities which he has for win- 
ning two games before either A wins one, 
or C three, and C's total probability, by the 
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each of them has to get any one game aſ- 
ſigned, or which 1s the ſame thing, the pro- 
portion of their {kill being reſpectively as a, 
b, c: now after they have played ſome time, 
they find themſelves in this circumſtance, that 
A wants 1 game of being up, B 2 games of 
being up, and C 3, the whole ſtake between 
them being 1; what is the expectation of 


$oLUTION. 
It i is certain that A's total probability will 


ſum of all the different probabilities which 


he has for winning three games before either 


A wins one, or B two, Wherefore the pro- 


| babilities of thoſe events happening, that 


muſt neceſſarily take place, in order that the 
players may ſucceed ſingly, being found and 
added together, will give three ſuch ſums as 
will expreſs their ed probabilities, thoſe 
ſums being each multiplied by the whole 
mo gives their reſpective expectations. But 
D 3 in 


38 The Laus of Chance. 
in order to render this as clear as poſſibly I 
could, I have annexed the three following 
tables, wherein are placed the neceſſary events, 
and their reſpective probabilities of happen- 
ing, that muſt determine the expectations of 
the gameſters. 
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Ways of winning. Probabilities. 


A the firſt time, 


4 | 
B firſt, A ſecond, N 
O firſt, A ſecond, x I 
2 14 and 24, A 34, 21 | 
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Probabilities. 


B i and 2* time, 
| : * Bz'and 30, 5 
In & 2% B 3* & 4, 
15 B25 C30 B4®, 
16, C24, B 34, 
10, C24 & 9 4 
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TABLE III. for C. 


| Ways of winning. 


:£ robabilities. 


"4 1 & 3 4 tad. 
i* 248.45, By 
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In the firſt column of the firſt table, are 
all the different ways by which A can poſſi- 


bly win, in the ſecond column of the ſame 
table are inſerted the probabilities of thoſe 


events happening, (4 being equal to a+b+c) 
and the ſame is to be underſtood of the ſe- 
cond and third tables, which are for B and 


C. Now by taking the ſum of the proba- 
bilities in the firſt table, we have the 0 


bability that A wins the ſet, equal to 5 + 


OY zobchace , gabe? 


4M - m_—_— 7 
the probabilities in the ſecond table we get 


5 e for B's probability of win- 


by 3 up 


of all the probabilities in the third table, we 
have © +: 32 for C's. Now in order to 


ſave the 3 of conſtructing ſuch tables, 


when a problem of this ſort is to be ſolved, 
we muſt endeavour to obtain the law by which 
the probabilities of the gameſters may be con- 


tinued, when their number, and that of the 
games they reſpectively want of being up, 


are any given numbers at pleaſure. For the 
law of continuation in the problem before us, 


I write + for the firſt term of A's probabi- | 


lity, then I multiply þ+c by a+ &+c, in 
. N | the 


ning the ſet; and laſtly, by taking the ſum 


1 
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the product 44 ＋ 4 2bc+cc, the 
quantities ab ac, and 56 being divided each 
by 4d, make the ſecond term in A's proba- : 
bility, and the firſt in B's. The remaining 
part 26c+cc of the product I multiply by 
a+b+c, from the product 2 abc þ acc+ 
2 a! cee, ſelect 24bc Pac, 20h, 
and c, each of theſe quantities being divid- 
ed by d*, give the third term in A's proba- 
bility, the ſecond in B's, and firſt in C's re- 
ſpectively. Laſtly, I multiply the remaining 
part of the product by a +4 +c, then if 


” each new term of this product be divided by, 


4, there will ariſe 5 N 35 3-< for 
the fourth term in A's probability, the third 
in B's, and ſecond in C's. Having proceed- 
ed thus far, we may eafily obſerve, that in 
A's probability the ſingle powers of (a) only 
are to be found, and in B's probability the 
ſecond power of ( is found. Laſtly, in Cs 
only the third power of (c) is to be found, 
reſpectively anſwering to the games they want 

of being up. The law of continuation in 
the denominators is alſo viſible, being d, d, 
4 d, Sc. until the exponent of 4 becomes 
equal to the number of games beyond which F 


the play cannot be protracted. 25 
The 
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42 
The number of gameſters and 


the ſet, we may, by comparing thoſe proba- 


bilities with what has been already delivered, 
obtain a * method of ſolution, as fol- 


lows. 


games they want of being up p, 9, 7, 5, &c. 
their chances for winning any aſſigned game, 
in the proportion of a, b, c, d, &c. and put 
a+b+c +4, Gc. b, this being done, raiſe 


2e, Ec. to that power whoſe in- 
dex is equal to the leaſt of the given num 

bers p, 9,7, 5, &c. or to one of the leaſt, if the 
two leaſt are equal to one another, as (p), 


and from that power take out the term where- 


in the exponent of the correſpondent quan- 


tity (a) is equal to (, and if there are any 
_ wherein the indices of (0 and (c), &c. 


are equal to 9, 7, s, &c. take thoſe terms alſo, 
and having divided each of the terms ſo taken 


by , place the ſeveral quotients each in dif- 

ferent columns marked A, B, C, D, &c. ſo that 
the ſaid power of (a) may be in the column 
A, that of ( (if any) in the column B, &c. 


Now having proceeded 0 far, multiply the 
remainin 2 


games want- 
ing, being other numbers than thoſe given 
in this problem, if tables be in like manner 
conſtructed for their probabilities of winning 
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remaining terms of the ſaid power by a+ 6 
+c, Sc. and from the product ſelect all the 
terms where the indices of the powers of 4, 


3, c, &c. are reſpectively equal to p, 9, r, Sc. 


and having divided each by Hi, Place them 


according to the foregoing method, in the 
columns A. B, C, Sc. Let the laſt remain- 


der be multiplied in like manner ſtill by a+ 


b+c, &c. and ſelect again from the product 


the terms wherein the exponents of a, b, c, 


Sc. are reſpectively equal to , 9, 7, &c. and 


ha aving divided each by Be, let the quan- 
tities be diſpoſed of as before, and proceed in 
this manner, repeating the operation till all 


the terms are exhauſted, then the quantities 
that are at laſt found in the columns A, B, 


C, D, Sc. will keg the probabilities of win- 


ning Ty: 


Exanph. 


Let there be four gameſters, A, B, C, D, let 
the proportion of their {kill be as 1, 1, 2, 3, 


and ſuppoſe A wants 1 game of being up, 
B a, G3. Da. The Ro Fe ip 
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Will give . 21 18 55 2672: for 
the probabilities of A, B, C, D, reſpectively, 
for in this caſe a=1, b=1, c=2, d=3, 


ro b=7. 


PROBLEM XIII. 


If A and B equally ſkillful, play with two. 
| bowls cach; it is required to find the proba- 
bility that one of them (ſuppoſe A) ſhall get 
both bowls at an end, and alſo the probabi- 
lity of his getting preciſely one bowl at an 
end. 
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SOLUTION. 


If A gets both bowls at an end, his firſt 

- 8081 muſt be nearer the jack than B's, of 

which the probability is 2. Otherwiſe it is 
impoſſible he can win both bowls at the end. 
Now A muſt with his other bowl, not only 
2 beat 


* ot WII , 
n Boks mo. 1 
+ e 


3, 


2 


SIVA 
N 
8 


has already thrown, the probability of doing 


it is 2, therefore Xx or + 18 (Art. VII.) the 


probability of A's s getting both bowls at an 
end. Let x be the probability that A ſhall 
get preciſely one bowl at an end, then as 85 


which is the probability that he doth not win 
both bowls, certainly contains thoſe for his 
winning either one bowl preciſely, or none, 
it follows, that 2—— whence &, 
the probability that A wins preciſely one 


bowl at an end. 


PROBLEM XIV. 


If A and B with equal ſkill play together, 

each with three bowls ; it is required to de- 
termine the probability that either of them 
has for winning all the three bowls of the 


other. 
| 1% % 
The probability that A ſhall have one 
bowl nearer the jack, than any one of B's is 
ſuppoſe this has happened, then A may 
be ſuppoſed to have two bowls, and B three. 


which the probability is 2, then A will have 


two bowls nearer the jack than any one of © | 
B 5, whence A's ann of winning two 
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beat B's ſecond bowl, but alſo that which he 
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| Now if one of A's bowls beats B's three, f 
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DAY | or more at the end; is A x 45 if this 


ſhould happen, then as he has one bowl left, 


and the probability of its beating B's three, 


being 2, it follows, that (Art. VII.) Ex N:. 
is the probability that A has for winning the 


three bowls at the end, and B's probability 


for winning A's bowls 3 15 the ſame. 


PROBLEM XV. 


A and B upon equality of {kill play toge- 
ther, each having a certain number (u of 
bowls ; required the probability that one of 
them, as A, ſhall win any aſſigned number 


of bowls or more, at an end. And alfo, the 


probability that he wins any aſſt igned n num- 
ber f at an end. | 


SoLUTION. 

Suppoſe one of A's bowls nearer the jack 
than B's, of this happening the probability 
is + The bowls that A has left is 11, 
and it is evident that one or more of thoſe 
muſt beat all B's, (for A to have two or more 


| — the jack) = Aer of this is 
, therefore *, is the probability that 


A A al have two 8 or more, neareſt the 
jack. Imagine this has happened, now the 
probability that ſome other of his bowls ſhall 


be 
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be nearer the jack than any of B's is > 
' whence the probability that A ſhall Set Gon 
bowls or more at the end, is 4x = K . 
And by the very ſame way of 2 his 

probability of winning four bowls or mo 
at an end, will be found equal to }x == x 
Ko = whence the law of the progreſs? is 


2. —2 


manifeſt. The probability that A ſhall have 
one bowl 8800 the jack is 2, that of his 
having two Ig — — as found aver whence | 
the probability "that he Hall have one bowl 

and . more, neareſt the jack, is evidently 

H—_—_ —. In the ſame manner, 
by aging his probability for having three 
| bowls neareſt the jack, from that of his hav- 
ing two fo, the remainder, * . , will 


— 2}; 


be the probability that A ſhall have two bowls _ 
and not more, nearer the jack than any of 
B's. Whence the probability of getting any 

aſſigned 8 0 p of bowls PET at 


an end, x at 0 xXx , &c. 


2n1——2 232—3 — 


continued to 6 + 45 factors. 


PROBLEM XVI. 


If A with (m) bowls, and B with (n), Fs 
ann. — * of ll; It 1s Ds 


to 
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to find their reſpective probabilities for win- | 


ning any aſſigned number (7) of bowls, or 


more, at an end, as alſo of winning that 


number preciſely, at an end. 


l 10 
The probability that A ſhall have one bowl 
or more neareſt the jack, is — 2 == (Art. I.) or 


. ® (putting S=zm+n) if this 3 happen, 


Hon A may be ſuppoſed to have n—1 bowls 
left, and all the bowls left between them 


S— 1, whence the probability that A ſhall 


have a ſecond bowl nearer the jack, than any 
one of B's, will be =, and that of his hav- 
ing my at leaſt neareſt the jack, will be 


—x =, in the like manner the probability 
that 1 * win dem bowls or more, at an 


M—T 


end, is — — X — * — — -, from whence the law 


S— 1 
1—1 


of continuation is 3 it being — —X——x 


| = * X4— „ Sc. (r). By writing (n) for (m) 


in the "WM we ſhall have - * _ * - = 


— „ r). for B's probability ep winning 
&) bowls, or more, at an end. The pro- 


babulity that A gets one bowl or more, at 
the 


20 
— - 


HERES? 
1 
—_ 


and 


—_— we have Xx X 
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the end! is —, that he gets two or more at 


| the end 1s — * , the e between — 


oY 77 —X — - Is the probabi⸗ 


lity of A 8 winning one obo preciſely at the 
end, and that of his WIS two bowls pre- 


ciſely at the end, is Xx —— x n, and uni- 


mM 1 e 


S—ſ * 


(r) * — — for the probability 5 A mal get 


(r) _ preciſely at the end, * x — 


5 *. Sc. (7) x = - that of B' geting (r) 
bowls preciſely at the end. 


PROBLEM XVII. 


A and B, whoſe proportion of {kill is as 
a to b, play together, each having () bowls; 
to find the probability that A has of getting 
any number {p) of bowls, or more, at an 


end, alfo that of his getting my n 


number at an end. 


1115 „„ 
Since the proportion of {kill ſignifies the 
odds that any aſſigned bowl of A's ſhall be 


nearer the jack than any aſſigned bowl of B's, 
| | E | | we 


enn. 


4 * 


we may ſuppoſe, that each of A Abende may 
contain (a) chances, and each of B's ( 


chances, then (n a expounds the whole 


number of chances in all A's bowls, and (n 


the number of chances in all B's, this being 


premiſed, A's probability of having one bowl 


at leaſt nearer the jack than any one of my 


will be 2 or (putting d ) , 


this ſhould happen, then A having 2 x 
bowls left, and the chances therein being 
At v a, the probability of his having a ſe- 
cond bowl nearer the jack, than any one of 


B's will be =, or or Ar, that of his hav- 


anFbn— 
ing two, or more, Sond the jack will be 
* E, (An. * I.) and by the ſame ſort of = 
8 we get 7: * N = wor the proba- I 


bility that A may have or a greater 
number of bowls, nearer the jack than any 


one of B's. From hence it will appear, that 


ber of bowls, nearer the jack than any one 
of B's, and the probability of A having ( 
bowls preciſely nearer the jack than any one 


* 


of B's will be. / * AN , Sc. (p) 


— — 


7 


* 2 3 Se. (p) will denote A's 
probability of having () or a greater num- 


8 92 
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rhe * * Ps (1) or its equal, 


d—2 
7. N * 2 | [p). Be- 
cauſe, if from A's prcbebiliy of having (p) 


or more bowls neareſt the jack, there be ta- 


ken that of his having Yi) or more bowls 


neareſt the jack, the remainder muſt certain- 


ly be the probability of getting (p) bowls 
preciſely : or the ſame thing may be deter- 
mined otherwiſe, as thus, when (p) of A's 
| bowls are nearer the jack than any one of 
B's, if then B gets the next bowl, A will have 
D bowls and not more, — ; the former 


of theſe probabilities is Fa X Fz ** Y, Cc. 


(2); and the latter =— 2 — their oroduft;s 


r ö 
D 3 Se. FE TAE -, or its a 


2 = * — . Se. ee 18 * probas 
bility required, the ſame as before. 


PROBLEM XVII, 


A and B each having two bowls, play to⸗ 

gether upon equality of ſkill, what are their 
reſpective probabilities of winning, when * 
wants 1 bowl of being up, B 2? 


4. | 801 Us * 


- 1.4 | 


F 
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If A gets one bowl or more the firſt end, 


he wins the game; but if B gets one bowl 


preciſely the firſt end, they will each want 
one of being up, the probability that A ob- 
tains this laſt mentioned circumſtance of play 


is which multiplied by + gives 2, for one 


bam of his probability for being up before B, 
to which add , that of his getting one bowl 
or more the firſt end, the ſum ; is his pro- 
bability of getting one bowl before B a 
Hence B's probability of beating A is =. 


PROBLEM XIX. 


T 'M other things remaining as in the laſt 
pr oblem. Let A want 1 bowl of being up, 


Bz; to determine their reſpective N 
Uties of winning. 


SOLUTION. 


Firſt, ſuppoſe A wins the firſt end, 3 in this 
caſe he beats B, the probability of this hap- 
pening is . .Secondly, if B gets juſt one 


© bowl at the firſt end, then B will want two 
bovls of being up, in this caſe A's probabi- 


er will be wherefore the probability that 
A beats B, when this has happened, is +x= 


or +. But if B ſhould get two bowls and 


not 
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not more the firſt end, they will each want A : 
N of being up, and A's probability i 18 then 43 

2; but as B's probability of getting into this 3 $74 5. 
circumſtance of play is 3 it follows, that 
„ will be A's probability in this laſt =" Þ / : 
and that . + x is that of his being 
up before B, whence B 8 In TIT Aol 
Is, e Fn 2 N 5, or fe. 1 


9 


3 
5 43 


PROBLEM XX _ 
If A and B play together with a certain 
number (7) of bowls each; what are their 
probabilities of winning, when A wants one 
bowl of being up, and B two? 


SOLUTION: 


If B wins juſt one bowl at the firſt end, 
then they are upon equality of change; the 


probability of this happening 1 is x. - (Prob. | 
XV.) If he wins two or more, the firſt end, 
of which the probability is + x , he wins 
the game, therefore the former - probability | 
being multiplied by and added to the lat: 


. 


1 gives _ — 2 * = — Or „B' 8 Pr O . + F 


- 2 —1 


bability for winning the game, which taken. 


from unity leaves Avi; r „ 
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. Laus of Chance. 
Corollary. 


If a =, or they play id a ſingle bot - 
each, their probabilities will be + and + 15 7 


ſpectively. If with two bowls each, 2 4 
reſpectively. If n==3, the ratio between 


their chances, will be that of 13 to 7. Here 
we may obſerve, that as the number of bowls 


increaſe, the ratio between their chances de- 


creaſes, but that ratio will never deſcend ſo 
low as 5 to 3, becauſe each multiple of 7 18 
leſſened by the number 2. 


PROBLEM XXI. 


If A and B, each having (n) bowls, play 
together upon equality of ſkill, and A wants 
one bowl of being up, B wants ( bowls of 


being up; it is required to find their dane 


tive probabilities of winning. . 


my "hc. 


SOLUTION. 


Firſ, ſuppoſe B wants three bowls of be- 


ing up. If B gets one bowl preciſely, the 
firſt end, his probability of winning will be 


(Prob. XX.) which multiplied by 1 x 


$4 


the firſt end, gives © x 


Sets 


: that of his getting « one 1 w preciſely, i 
the firſt 
Part of B : required — But if he 
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gets two bowls preciſely, the firſt end, they 
will in that caſe be upon equal terms, whence 
z, which is B's Ferns, in * circum- 


29 


ſtance, multiplied by * — x =, that of 
its taking place, the rodutt = MO”. 8 : 


is the ſecond part of B's 4 R's 
to the ſum of theſe two parts add the proba- 
bility of his getting three bowls or more, 


the firſt end, the ſum, vix. = —— is 


2 X2z2—2 


—ͤ— — 


2 —2 3 . 
—— |. = -, is B's probability 
| — pps | 411—2 X Re 


for winning, and being deducted from unity, 
leaves A's. 

Secondly, let B want 5 bowls of being 
up. If he gets one bowl preciſely, at the 
firſt end, he will want three of being up. 
Let his probability for. winning, in this cir- 
cumſtance, as determined above, be called 
P, then if P be multiplied by -x , the 
probability of obtaining it, the product P x 
4x is the firſt part of B's probability of 
winning. If he gets two bowls, and not 
more, at the BY end, of which the proba- 
bility is {= X = we have (by putting 


Q for his "obability of winning, if that 
E 4; hap- 
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happens) + X— * A for the * ö 


47—1 


part of B's probability of winning. If he 


gets three bowls preciſely, the firſt end, his 
probability of Og will be + 2, which mul- 


tiplied by +; X — x ——X——. , that of its 


——_— 2n—2 2 fm 


taking place, gives the third he of his re- 
quired probability, to the ſum of theſe parts 
add the probability of his getting four bowls 
or more the firſt end, the total will give B's 


probability for being up before A, _ pl to 


s 2u— — XA 
51 —2 —2 —3 


X— + ix x = Xx . Hence 


2n—2 ** 2n—3J $09—1 *” 2. 
by writing P, QR. 8, T, &c. for B's reſpec- 
tive probabilities for winning, when he wants 
1, 2, 3, 4, 5, &c. bowls of being up, and mul- 
tiplying thoſe quantities by their reſpeCtive 
probabilities of taking place, we ſhall obtain 


the following products, Us. IxX— X 


2 21 .20—2 


P egg & e e, x 
=; Þ = (p—2) x 5 * 3 2u—2 - (þ—3) | 
A* N =D 
the . 18 the — that B has for 


getting (y) or a 9 e of bowls, 
before A er 8 


* rrollary. | 
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Corollary. 
If n=1, or they play with one e bowl 
each, B's probability will be expreſſed by 


= Do ry 55 the other terms vaniſhing. 
It may be here obſerved, that B's probabi- 
lity in this caſe might be contracted into 
2 —1 , 
8 X 2n—1 ? 
becomes equal to nothing, inſtead of 3 1 
whereas being left unreduced, is ee true 


in all caſes. £ 


but this expreſſion, when 2== 1, 


PROBLEM XXII. 


A and B, each having ( n) bowls, play to- 
gether upon equality of ſkill, A wants three 
bowls of being up, and B two; it is required 


to determine their W probabilities of 
winning. 
SOLUTION. 


IIA gets one bowl preciſely, the firſt end, 
they will each want two bowls of being up, 
if this happens, A's probability will be + 
which multiplied 1 UE of its happening, 
vix. IX , gives 4 * — , the firſt part of 
his required probability. If A gets exactly 
two bowls, the firſt end, he will want one 
of buvg up, the probability of his getting 
into 


r r r INSET SIO 
* * 2 
. eee 8 Iv ** * 


probability 3 15 4X — x == 


| = =$1—4X20—2 | j1—2X8n—4 
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into this circumſtance i is * 2 TX = that 
of winning after this has War 5. (by 
Prob. XX.) e ae 4 N part of A's 

—. Now if 


2—1 2 — 5 X 3—4 


B gets one bowl, and not more, the firſt end, 


* * — — 
then - *I 84—4 N =o þ XX 


ix —2 Mood | Fr 
KERN will be the third bert 


4 — 2 & 2.—2 | 2G 0 
of A's probability. Wherefore, if to the ſum 
of theſe probabilities already found, we add 


* = x ==, which is A's probability of 


2n—2? 


| getting g three bowls or more, at the firſt end, 


we have A's total probability required, which 
taken from prey,» leaves B's. If we put P= 


— 2—22 1 — XK —2. 


4 | n--2X20--2 


the _ expreſſion fc for A's EA be- 


— 
comes 2 —=+ — Act 
. — ; 

411—2" 2n-2 
Corollary. 


If »= 1, or they play only with ſingle 
bowls, A s probability for winning the {et 
, ye” —_—_ 


* | 6 
will be. a 6. If 


1 27 
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* 2, = = will be expreſſed by 


. 


27 


0 I —— —̃ ed 
. . 2 
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PROBLEM XXIII 


Other things remaining as in the laſt pro- 
blem. Let A want four bowls of being up, 
and the ſym Played for be denated by I, 


SOLUTION, 

Let P be put for A's probability if he ſhould 
happen to want only one bowl of being up, 
Q if two, and R if three. Put alſo his pro- 
| bability of getting one, two, and three bowls, 
_ preciſely, at an end, equal to à, b, &c. re- 
ſpectively. Now if A gets juſt one bowl the 
firſt end, of which the probability is (), his 
expectation upon that event will be 4 R. 
Again, if he gets preciſely two bowls the firſt 
end, his expectation will be 6 Q and if he 
gets preciſely three c P, hence a R Q +. 
P (d being put for the probability of 
getting four bowls or more the firſt end) will 
expreſs that part of his total expectation 
which depends upon B's not having as yet 
won any bowls at all, But if B ſhould get 
| one 
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one bowl preciſely, the firſt end, of which 
the probability is (a), A's total probability 


= be RQ +cP+d+2aS(S being 
A's expectation in this laſt caſe). By the 


very ſame way of reaſoning may their expec- _ 
tations, in any other given circumſtance of 
play, or bowls wanting between A and B, 
be readily enough found, the values of P, Q. 


R. 8, c. and thoſe of a, b. c, d. &c. being 


firſt obtained, by the methods laid down in 


the preceeding problems, and thence a gene- 
ral method of ſolution may be inveſtigated, 
by making the ſolution of each inferior caſe, 


| ſubſervient to that which i is next more com- 


9 
PROBLEM XXIV. 


A, B, and C, each having a certain num- 


ber (m) of bowls, play together, upon equa- 
lity of ſkill; what are their reſpective pro- 
babilities of winning, ſuppoſing that A wants 
one bowl of being up, B one, and C two, 
the ſum of their ſtakes being 1 ? 


$o1vT1ON. 


If A gets one bowl or more, the firſt end, 


he wall be intitled to the whole ſtake, whence 
| his 
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his expectation upon this event is =; but if 
C gets one bowl preciſely, the firſt end, of 
which the probability is +x5== they will 
all three be upon equal dend and each in- 
titled to + of the . conſequently A's to- 
tal erpectation is * X T 75 1 18 


alſo B's, therefore Cs * Inn Zane XN, 


3m—1 


Other things remaining as above, let C want 
three bowls of being up, then if he gets one 
bowl preciſely, the firſt end, the players will 
be in the circumſtance propoſed in the pro- 
blem, in that caſe A's expectation will be 


++5x=, this multiplied by * wn , the 


= ops wo co g it, gives * 


2 * — * n 0: which add + 7” "oh 


fritn "Jl be A 8 rh pic 1 
vhence C's is eaſily obtained. By the ſame 

way of reaſoning, the ſolution of any other 
problem of this ſort, as when the number of 


players and the bowls they want of being up, 


are any given ones whatſoever, may be calily 
inveſtigated. 


PROBLEM XXV. 


An even number of persons C, D, E, F, 
Se, each having two * "oy" together 


upon 


62 De Laut of Chants, 
upon equality of kill, C is partner with D, 


E with F, Sc. it is required to find the pro- 


bability which each ſide has of winning, in 


any circumſtance of their play, or bowls g 


1 . of . up. 


SOLUTION: 


Firſt, 8 there are only two partiars on 


each ſide, and that one fide wants one bowl 
of being up, the other ſide two. Now if two 
other players A and B, equally ſkilful with 
the former, each having four bowls, be ſup- 


poſed to play the game out in their room, 


the ſolution of this problem will be the very 


_ as that of the- propoſed. Therefore 
z which is A's probability of getting up be- 


fore B (by Prob. XX.) is to 125 which is B's 
probability for getting up before A, as 9 to 


5. (becauſe z—4 in this caſe) and hence the 


probability that the partners C, D, beat the 
other two E, F, is denoted by , that of the 
contrary by r. If there are three partners 
on each fide, then for (n write 6, and the 


ratio of their probabilities becomes that of 7 


to 4. 


fide, but _—_ one ſide wants three bowls 
of 


Let there be ſtill three partners on each 


e 
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of being up, and the other ſide one. By 


But as it would be very 
culate the required probabilities by theſe the- 
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Problem XXI. the probabilities that A and B 
have for beating each other are ET = 


and 1— 2 ee, and becauſe in this eaſe | 


2==6, the proportion of the chances that 

each fide has of winning is that of 359 to 
125. By proceeding 1 in this manner the ex- 
pectations of the gameſters may be deter- 
mined in any other circumſtance of the play. 
troubleſome to cal- 


orems, when each ſide conſiſts of ſeveral part- 


ners, and the bowls wanting of being up, on 
each ſide, are more than has here been exem- 
plified; the following method of approximat- 


ing, by which the ſolution may bè obtained 
ſuffciently near the truth, not only when 


the players are two, but a greater number, 
may be very uſeful; 


which method I have 
taken the liberty to tranſcribe from Mr Simp- 


ſon s treatiſe upon this ſubject. The firſt of 


the following Tables ſhews the odds when 


there are only two players, and the laſt the 
' limits of the leaſt odds, when the players are 
indefinite, in both caſes the players are ſup- 


poſed to 12805 with two bowls each. 
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Ihe conſtruction of the firſt table is thus, 
When A wants one bowl, and B two of be- 
ing up, it appears by Prob. XX. that 51—2 
to 32—2 will be the proportion of their chan- 


ces, that is 8 to 4, or 2 to 1, when n=2. 
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But if 7 be very great, the numerical quan- 


tity may be rejected as inconſiderable, whence 
the leaſt odds becomes 5u to 3n, or 5 to 3, 
which are the reſpective numbers placed in 
the ſecond table, when one ſide wants two 


bowls of being up, the other one. When A 


wants one bowl of being up, and B three, 


then (by Cor. Prob. XXI.) 23n*—19n+4 to 


91-132 ＋4, is the ratio of their chances, 
that is, as 29 to 7, for the numbers in the 
firſt table. If (u) be very great, the quanti- 
ties 4—192 and 4— 132 may be rejected, 


whence the leaſt odds is 23 to q or 23 to 


9, for the numbers in the ſecond table. In 
the ſame manner the remaining proportions 
in the tables were determined. Now by help 


of theſe tables the odds may be nearly had in 
this manner, from each of them take the 


probabilities of winning in the propoſed caſe 


for which they are calculated, and let thoſe 


probabilities be denoted by P, and p, reſpec- 
tively, and let ꝝ be the number of players on 


each ſide, then will = x P + be the pro- 


bability of be 


Example 1 IG: 
Supa the number of players to be four, 


e. two of a ſide, and that one fide wants 


1 one 
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one bowl of being up, the other two; then 


by the tables the odds will be as 2 to 5 and 
17 to 1, whence Ps, PD and 


Example I. 
Suppoſe three players of a fide, and that 


one fide wants two bowls of being up, the 


other four; then by the tables. the odds will 
be 3+ to L, and 2+ to 1, here Pi, pb, 


whence PT , and the odus 
are as 850 to 347. | 


| Example III. 
Let there be four partners on each ſide, 


and ſuppoſe one ſide wants one bowl of be- 
ing up, the other four; then by the tables, 


E. fr, Pet, and- = XPA 5 
and the odds are as 85 3 to 299. 


P R O B L E M XXVI. 
If A and B, whoſe proportion of. Keil! 18 


as a to b, play together with two bowis each, 


what are their reſpective probabilities of win⸗ 
ning (the whole ſtake being 1) when A wants | 


1 bowl of, being Uh" and B 27 


SOL u- 


2 
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1 
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: SOLUTION. 

A may happen to win 1 bowl or more the 
firſt end, or B may win preciſely 1 bowl at 


that end, or elſe both. In the firſt caſe B 


loſes his expectation, in the ſecond they will 
each want 1 bowl of being up, but in the 
third caſe B will be intitled to the whole ſtake. 
Now by Problem XVII, A's probability of 


a one bowl or more the firſt end, is 
= Þ that of B's winning one r at * 
end, is (by the fame Problem) —— 27 * 1757 


wherefore in this eee of the play, 


As expectation is = Es, and his total proba- 
_ bility equal —: ͤ which 


2 a +; e 


taken from unity leaves — — Jo 


FEED TIP YE 
for B's. 


PROBLEM XXVIL 
Other things remaining as in the laſt mw 


blem, let B want 3 bowls of being up; 
find their reſpective probabilities of E 


SOLUTION. 
1 may happen to win either one bowl pre- 


cifely at the firſt end, or both. If the firſt 


F 2 3 caſe 
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caſe 1 5 of which the probability is 
5 

* E 

ee circumſtance, that is, A will want 

one bowl of being up, and B two. Let B's 


the players will be in the above 


| expectation, as there ICI rg be called P. 
Now as he is intitled to = 7 hf the whole 


ſtake, if the ſecond caſe happens, it follows 
that his total bs 18 n to —— 777 1 * 
EXP a+ b X . 


Several other uſeful theorems relating to 


bowls, may in like manner be obtained, by 
obſerving how each of them 1 n deduced from 
the preceding one. 

If we ſuppoſe the players to Where each an 


unequal number of bowls, as alſo an inequa- 


lity in their ſkill, or that either, or both thoſe 
inequalities ſhould vary, according to ſome 


certain given law, or if four or ſix, or any 
greater even number of gameſters were to 
play together in partnerſhip, under any cir- 
cumſtance of bowls wanting on each ſide, 


and of any given proportion of {kill, their 


probabilities might in the ſame manner be 


determined. 
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Win 


PROBLEM XXVIIL 


IF perſon undertakes in three caſts with A 


common die, to throw both an ace and a 

duce, without regard to which ſhall happen 

to be firſt thrown ; required his * 
of winning. 


SOLUTION, 


The probability that he miſſes both the a ace 
and duce, the firſt throw, but brings them 


up in the two next, is X £5. The proba- 


bility that he brings up one of them the firſt 


1 and the other in the two next, is 2 


x 2x £2 ; therefore his probability of ſucceed. 
ing is & x T2z x, equal to 5; 


PROBLEM XXIX. 


A with two common dice undertakes to 


| throw both the numbers 5 and 7, at three 


throws; what are the odds againſt him ? 


| -+.- SOLUTION. a. | 
Imagine a die having 36 equal and ſimilar 
faces; now as there are 4 chances for 5, and 
6 chances for 7, upon two dice, ſuppoſe each 


of 4 faces of the aſſumed die marked 5, and 


5 other faces each marked 7, then the pro- 
F 3 babi⸗ 


yo The Laws of Chance. 

bability of ſucceeding with this die will be 
exactly the fame as with two common dice. 
The probability that A miſſes all the marked 
faces the firſt throw, and brings up one of 
each i in the two following, is +5:x ++, that of 
his throwing a marked face of one ſort the 
firſt throw, and a marked face of te con 
trary ſort the two next throws, 1 18 % K + 
XN towhichadd;+3;x7 x:4,theſum; EE 
or , is A's probability of winning, whence 
the odds againſt him as 293 to 31. 

Otherwiſe. 

Conceived each face marked 7 upon the 

aſſumed die excluded, then 305 will expreſs 
all the chances for 7 being reſtrained from 
appearing, in each of three throws with the 
aſſumed die unreduced, and therefore 36.— 
30d, are the chances for throwing one or more 
of thoſe faces marked 7. By the ſame way 
of reaſoning, if we imagine the faces marked 
5 excluded, we ſhall have 32 - 265, the 
chances for one or more of thoſe faces mark- 
ed 7, coming up without any of thoſe mark- 
ed 5, which being ſubtracted from 36% 30*, 
the chances for throwing one or more faces 
marked 7, without any regard to thoſe mark- 
ed 5, the remainder 36. — 30 32" 20*, 
or 444, divided by 36,1 18 A's probability of 


winning. 


winning, u 2 Se, of = r, , th try fat 
Gr yy TE 


PROBLEM xxx. 


- — — * 


| | Let there be a ſolid die, having (n) firailar 
and equal faces, whereof (a) are marked A, 
h of them marked B, and (e) of them C; 
what is the probability that in throwing up 
a given number () of ſuch dice, ſome of 
each of * marked faces A; B, C, ſhall be 
e. 


1 


The nutiber of chances for et faces marks 
ed A being reſtrained from appearing, is 
A therefore n'—5—3'expreſſes the number 
of variations whereby one or more faces mark- 
ed A may be upwards, therefore if all the 
faces marked B be now reſtrained from a ap- 
pearing, then there being only »—6, faces 
that can come up, we ſhall have * — 
a, for the number of variations Bow 
can poſſibly be made ſo as to have A up, and 
B at the ſame time reſtrained from W 
ing, which being ſubtracted from n:. ar, 
che different ways that A can poſtibly ariſe, 
25 xſtriction is made upon B, leaves 
* = =, the chances for 
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72 De Laws of Ghance. 
having both A and B upwards, this is evi- 
dent, for the chances to have A up without 
reſtriction upon B, certainly contain thoſe 
for A coming up both with and without B. 
If now the faces marked C be ſuppoſed re- 
ſtrained from appearing, the number of faces 
upon each die may be conceived reduced to 
1c, then the laſt expreſſion, by ſubſtitut- 
ing c for n, becomes , = + 
r, which: expounds the 


different ways that A and B can ariſe, C be- 


ing reſtrained from appearing; this taken 
from . at, which are the chances for 
having A and B up. without reſtriction up- 
on C. leaves 


N — 12 —5 + 42 4 — a —42—5— 6 3 
ö ; . a : r = . | 


2 — of 8 # bonds 
for the chances that ſome of each of the faces 
marked A, B, C, may be upwards, and con- 
ſequently, the ſaid expreſſion divided Ds 275 
| gives the probability required. 


2 I. 


By the fame proceſs it will appear that if 

a, b, c, and d, expreſs the number of aſſigned 
faces marked A, B, C, and D, pectively. ; 
the 
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marked faces ſhall be upwards, 18 | 
N —.— In econ — —— + 


De Laus of Chance. 73 
the * for having thoſe faces all A 


—.— 5 


1. 407 1 4 . | 
from whence the law of continuation is ma- 


a « 


_— 
. Grollary IL. 
If a, b, c, and d, are equal to each othee; 


the expreſſion for the chances, for having A, 


B, C, and D, > uppermoſt, becomes 7” — 4 x 
7 — 4 "+ © X n—29 wt” as 4 X n—3a "bn—qet , from 
whence we may obſerve, that the numerical 
quantities 1, 4, 6, 4, 1, are the unciæ of a 
binomial raiſed to that power, whoſe index 


is equal to the number of ſorts A, B, C, D, 


and, in other caſes, where the number of 


forts A, B, C, D, E, F, &c. is denoted by any 


given quantity (, the general theorem for 
the required probability that ſome of the 
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when (1) 18 a very lack luder on 12 


4 very ſmall one, *, e, , &c. are 


nearly in geometrical progreſſion, a or equal to 


zr 


* E 
| 2 . . — 3 __ 7 =o 3 Se. reſpec- 


=F ne 


9 tively, therefore tlic general theorem for the 7 
l ſought, becomes 4 — -b * 1 —— 


ns XS * —— ar 
7 
— 


13 521 b—2 — 6 
+ bx 7 3 yo X I =} 1 or 1 — — 


what bad ns == 
h 


1 Which ſoppoſe equa to P, this | 


Example L 
A perſon undertakes in eight throws With 


F* ſingle die, to fling; both ace and duce, re- 


quired his probability of winning. Here 
n bb, a I, b==r, h==2, r==$8, Whence 


einn 26 


6 5 — — 167961 1 nearly, the 


probability fought. 


Example II. 
To find in how many cafts with a fingle 


die a 4 may, upon es of chance, 


ler. 


The Laws of Chance. 75 
undertake to throw all the fix faces. Here 


is given P = A=, n=6, whence r= 


—— — = 13 nearly, wherefore in 13 caſts 
g- 1—3 


= has the Re but in 12 the n 


Examph III. 


| To find in how many trials one. may with 
equal chance undertake to throw all the dou- 
blets with a pair of common dice. There 


: . being 36 chances upon two dice, if we ſup- 


Pa 
beret 


7 


In. 


poſe a fingle die having 36 faces, and ſix of 
thoſe marked A, B. C, D, E, F, (becauſe there 


are ſix doublets upon a pair of common dice) 
it will be the very ſame thing to throw with 


this ſingle die, as with the pair, wi 


==36, a==1, h==6, whence. r = = * I 
g | Lag. Too 1 


PROBLEM XXXL. 
A and Biplay together with a pair of com- 


mon dice, A wins if he throws 7, B if he 


throws 6; it is required to find the propor- 
tion of their chances, ſuppoſing B to have the 
advantage of the firſt throw, and the play 


to be continued; till one of them wins. The 


value 
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value of the whole ſtake between them be- 
ing denoted by 3 


SOLUTION. 


Let 1 value of A's expectation. be x, then 


B 8 is I — x, now whenever it is his turn to 
throw, A's hazard is x, but when it is A's 
turn to throw it is ſomething leſs, or his ex- 


pectation is greater, let it be y, now as there 


are 5 chances for 6, and 31 for bringing it 
to A's turn to throw again, his expectation 


is in this caſe 2 which muſt be equal to x, 


hence y=E, on the other hand A has 6 
chances for 7, and 30 for x, that 1s, for giv- 


6+3ox b- 


ing B the dice, A s expectation is here x 


and muſt be equal to 55 conſequently * bt, 
1 and the odds as 31 to 30. 5 


Otherwiſe. * 


Let A's probability for throwing 7 at any 
aſſigned trial be x, that of the contrary y, 
4 the probability of B's throwing 6 at any 
_ aſſigned trial, z for the contrary. From the 


nature of the play, the ſecond, fourth, ſixth, 
Sc. throws belong to A, therefore zx +z y 


EEESIES a. Sc. or æ +2 Xy+2' x, 
5 mos to rx, > by ſumming up the pro- 
greſſion, 


Bs 
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greſſion, is A's total probability. The firſt, 
third, fifth, &c. throws appertain to B, there- 
fore u+2yu+2y2y1, Se. or u+ 2yu+ 
S f y u, &c. equal to , is his to- 
tal probability. For x, y, u, and 2, ſubſti- 
tute their reſpective values A, +3, 5, and 
265 the ſaid expreſſions become 3, and 4 +2, 
whence the odds as 31 to 30, the ſame as 
before. 


PROBLEM XXXIL 


A and g play together with a pair of com- 
mon dice, A wins if he throws 6, B wins if 
he throws 7. A takes one throw, then B 
two, then A two, and fo on, by turns, un- 
til one of them wins; required the propor- 
tion of their chances. | 


Sour oN 


Let þ be the probability that A throws 6 
the firſt throw, x that of his doing it in two 
throws, x" that of the contrary, y the proba- 

bility that B brings up 7 in two throws, ; 
that of the contrary, then 1—zxy'xx is the 
probability that A wins the game the ſecond 
time the dice come into his hands, and not 


before, I 7 1 xXx yx x ĩs that of his end- 
ing 


0 
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ing the play the third time the dice come in- 
to his hands, and not before, whence A's 
total — is PLN x bx; 


* * EI SU XY Nx) &. SPN into 
Y x Y , Sc. or by ſumming the 
progreſſion, equal to p+ . By the 
very ſame way of reaſoning B's probability 


for winning the game will be found equal t to 
xy Fpxy X x „* X * Nx y 
+ 1—pxy Xx XX NX Ny, Cc. equal to 
x into 1+y' x +5 x" +5" . or 
— „and the proportion of their chances 


1— 


as p—y x + Xx to x .þ, e en 
103540 22270, by writing za, nage, e, 
| 1169 125 1 8580 for p, XN N 7 eech. 


PROBLEM XX XI. 


Three perſons, A, B, C, throw in their 
turns a regular ball having four white faces 
and eight black ones,, and he who ſhall firſt 
bring up a white one is to be reputed the win- 
ner; it is required to find the proportion of 
their reſpective probabilities. for winning. 
850 U TON. 


Let e probability for throwir ng a white 
face at any aſl ned trial be x; that for 


throw- 


2 WJ 0 ee AIC ISESE hood ng AN FER 37s 
S 3 e i ho io tag Soy l 
e 5 OL ESSE gh | 
Ind Ibn rt Dn no - 


33 
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throwing a black one at any affigned throw 


y, then as the firft, fourth, ſeventh, tenth, 


Sc. throws are A's, x +y x T x +y x, 
Sc. is his probability for throwin ga white 
face before either B or C. The ſecond, 
fifth, eighth, eleventh, &c. throws are made 


by B, þ EY er his probability is y x + y* 


* YK Ty x, Sc. Laſtly, becauſe the 
third, ſixth, ninth, twelfth, Sc. throws are 


Cs, it is evident that y*x+y*x+y*x+y""a> 
Cc. is C's probability. The ſums of theſe 


metrical progreſſions. will give their re- 
ſpective, probabilities of winning the game. 


But it is eaſily ſeen, that y* is the common. 
ratio in each 


progreſſion, and x, x Ys, x.y* 
their firſt terms, it follows that 1, y, y*, wilt 
expound the proportion of their chances that 


is in this problem I, 5» 2, Or 9, 6, * 


Corollary. 
If there be any number of gameſters, A 


= B, C, D, E, &c. playing on the ſame 3 | 


tions. as before, their probabilities for win- 


ning the game will be proportional to 1, 5, 


e. 


PR OB L E M XXXIV. 


A, B, and C, out of a heap of twelve coun- 


— whereof four are white and eight black, 
draw 
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draw one counter at a time in this manner, 
A begins to draw firſt, B follows A, C fol- 
lows B, then A begins again, and they con- 

tinue to draw in the ſame order, till one of 
them, who is to be reputed the winner, draws 
the firſt white counter; what are their re- 
ſpective probabilities of winning the ſum de- 
poſited, which ſuppoſe 1 | 


SotuTION. 


Firſt, it 18 evident that the. play. will be 
ended in nine drawings at moſt. Secondly, 
that the firſt, fourth, and ſeventh times of 
drawing, will (ſhould the play continue ſo 
long) belong to A, the ſecond, fifth, and 
eighth to B, the third, ſixth, and ninth to C. 
Thirdly, the probability of any one of the 
gameſters winning, when it is his turn to 
draw, is compounded of the probability of 

drawing a white counter at that time, and 

that of black ones being continually drawn 
before. The probability that A draws a 
white counter the firſt trial is , but if this 
ſhould fail, then the probability that he ſuc- 
ceeds when it is his turn to draw again, is 
X Hr x 1g x 5, vis. that of three black ones 
being drawn ſucceſſively, and a white one 
next. After the ſame way of reaſoning we 

1 get 


R 
FAS 


get © Nr 


whence A's total expectation 1 18 + 
0 TTX FI EXTT x S NN. B's proba- 
| bility of winning the firſt trial is & r, that 
| < his waning the ſecond is * NN 


the aſſigned number of drawings). 
7 be taken equal to 1, 2, 3, 4, &c. ſucceſſive- 


The Laws of Chance. 8 
K KAN, his probability 
of winning when he draws the laſt time, 
1 2 rN 


+, and N Er N 128 ITXEXEXTXTX fo is his pro- 
bability for winning the third time of draw- 


ing, and hence his total expectation is equal 


to = X TN NN NN F 
IX xXx. Now as the third, ſixth, and 
ninth times of drawing belong to C, his to- 
tal 0. ee will be expreſſed by x x 

S NN XXX T2 Nx 
* X . Hence their reſpective proba- 


bilities are 1, 252, 225, or in the propor- 


4952 4952 455 


tion of 77, 53, 35. 
The ſame univerſally. 


Let (un) be the number of all the coun- : 


ters, (a) the number of white, and (4) the 
number of black ones, y) the number of 


players A, B, C, D, Sc. The probability 
that a white counter ſhall be taken out at 
any aſſigned ee and not before, is 


65 bor 5—2 
—X NK (r—1) x — . being put for 


Now if 


G 1 
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tr, we hall ne the following ſeries, + 


b b 8188 3 4 3 1 i 

— | Rr Fon . 
| > 6 a ' $8 

Put P = >>, A run R = —- X =; x 


5 Se. _ the ſeries becomes 4 4 P- 


| 7 continuation . manifeſt. This ſeries be- 
ing continued to ( 1) terms, will contain 
the ſum of the expectations of all the adven- 
turers, becauſe the play muſt neceſſarily be 
ended in 6 ＋ 1 drawings at moſt, wherefore 
ſelecting from the ſaid ſeries the firſt, 1 + p, 
12, Sc. terms, their ſum will give A's 
expectation. The ſum of the ſecond, 2 Kg, 
2+2p, 2 ＋ 35, Sc. terms, is B's expecta- 
tion. Laſtly, the ſum of the third, 34 f. 
3 +227 3+ 3b 3+42, Sc. terms, is C's, 
and proceeding in the fame manner with the 
remaining gameſters, their expectations may 
be as eaſily determined. 

If. 2 Sunity, or e be but one white 
ee in the heap, the general ſeries be- 


comes — x 1+1-+1+i+1, Sc. becauſe 
14 1, whence it appears, that, if the 
whole number of counters be exactly diviſible 
by the number of players, and at the ſame 
time but one white counter in the whole, 
there 
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chere will be no inequality in their ſeveral 
probabilities with regard to their ſituations 1 in 
reſpect to the order of drawing. 

If a=4, then n=b+ 4, whence the ge- 
neral theorem in this caſe becomes 1 + 2 
+ Dx =, = — n= 26 þ 25 ets 


— XK %—2 * —1 m_ 


— „ X =, Sc. the whole to 


X m3 ad 1—2 


be multiplied by +. If there are three play- 
ers, A, B, and 0 and 1 — 12, the terms for 


their ſeveral expectations will be Tele 


N ES 7X0OX5 3X4X2 
＋ Rien ST, - for A. 5 EL 1 * X lx q 11X10Xg 


8 GX XA 1X2X73_. 
X x +; for B, and Ie Fix IK TF r 

for C, which reduced to a common Gen. 
nator will give the following proportions, 


7 T. 


For A. * B * For C. 
I1XIOX9==990 | IOX9x8=720 | 0X8X7==504. 
| 8x 7x0==330 | 7x0x5—=210 | 6x5x4=120 

s 4563s 00{ 4x3x2== 24 |IXl=mgs 6 


1386 954 630 
Theſe ſums ſhould each be multiplied by 
— —+ ct to give their reſpective proba- 


bilities. But as this fraction is common to 
„ them 


n a 
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them all, the multiplication may be omitted, 
and the proportion of their reſpective proba- 
bilities will be, as 1380, 954, 630, or divid- 


ing each by 18, as 77, $3, $6 


But when the products or terms of the : 


ſeries are many, it will be found very tedious 
to ſum them up by common addition, where- 
fore to facilitate the operation 1t will be ne- 
ceflary to make uſe of ſome more expeditious 
method, ſuch as that given by Sir aac Neu- 
tan in his Principia, and very elegantly de- 


monſtrated by Mr Thomas Simpſon, page 94 


of his E/ays, in the following manner. 


Let a, b, c, d, e, / g, b, be the given ſeries, 


then by ſubtracting each of them from the 


next ſucceeding, there will be — a-, —6 
+c, — cd, — Ae, —e+f, —f+s8, for 
the firſt differences. Again, taking each of 
theſe differences from its ſucceeding one, we 


have a—2b-+c, b—2c+d, c=2d-be, d2e+f, 


Sc. for the ſecond differences, in the ſame 


manner the third differences will be — a + 
36, —3c+4, —b+36c, —3d+e, —c 


+234, —3e+f, &c. and the fourth a—46 


+6e—4d-be, b--4c+6 d—4qehf, c. 
Let the firſt differences of the firſt order, v2. 
— a6, be called D', the firſt of the ſecond, 
d. 4— 25 = c, D', the firſt of the third 
order 


+ el E e e Fc ER 

. 8 125 EIS; ö 3 58 „5 f.... Pony Hong y: 1 
F 5 Ft e HL £ Ce CE ? TTF er ICED SN Vee? 

Js 5% 3 V . 25 5 Ken he . e IS e EA 
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order D, Sc. then we ſhall have 2 4, 
S aD, c=a+2b+D", d=a—36 


+3 c+D)®, &c. and from thence by fondly 
tution, | — 
 a==4 Ry _ 
b—=a+D' 
c=a+2D+D" 
| d=a+3D 43 D"+D” 
—=4a+4D'+6D'+4D"+D", | 


Where the law of continuation is manifeſt, 


the unciæ of the values of c, d. e, &c. being 
thoſe of a binomial, raiſed to the ſecond, 


third, fourth powers, Sc. Therefore if 2 


be put for the number of terms in the pro- 
poſed ſeries, a b+c +84, Sc. whoſe ſum 
we are about to find, the value of the next 
term in the progreſſion after the laſt in that 


ſeries, or that whoſe place is defined by z+1, 
will, it is plain, be equal to e D'+2 x 
| = D"+nx= x =D D“＋AX 
x D, &c. And e much will the "Ga ſum 
be increaſed by augmenting , the given 


XK — — — 3 


4 


number of terms, by unity; hence, by the 


method of increments, page 87 of the ſame 


treatiſe, we get 0+5+c+ 4. Ce Se. _ 
E 3 * 


2 
, 

— "uw n—T —2 7 2 ne” 

N D ＋ AN 2 


89 IN Let 


* 
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Let us now ſuppoſe that three perſons, A, 
B, C, playing together on the ſame conditions 
as in Problem XXXIV, the number of coun- 
ters were 100 inſtead of 12, ſtill preſerving 


tations of A, B, and C. Now becauſe here 
are 100 counters, if we divide 97 by 3, we 


ter the computation of A, 32 into that of B, 


denominator, will be proportional to A's ex- 


the ſame number 4 of white counters; and 
that it were required to determine the expec- 


Mall find that 33 terms of the ſeries will en- 


and 32 into the computation of C, for the 
play muſt evidently be ended in g7 drawings 
at moſt. Now if from the general ſeries 
er Q+ZR+=58, Sc. we 
ſelect the 1, 4, 7, &c. terms, until their num- 
ber becomes 33, the numerator of the ſum 
of thoſe terms, when reduced to a common 


pectation, which, by writing 4 for a, and 
100 for 7, is equal to 99x 98 x 97 +96x95 


X94 +93 x 92 x 91-90 x 89 x 88, Sc. con- 
tinued until the products are in number 33, 


wherefore the laſt product will be Xx 2 * 3, 


hence we get, by inverting the terms, 


„ D' * oy, 

Ox 5x 4=120 114 _ 

9x 8X 7=504 384 79 162 Do Y 

I2xXI1xXI0==1320 816 — 4 

15X14xX13==2730 1410 $| 
. 


in 
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Now to find the ſum of 6 + 120+ 504 
+ 1320+ 2730, &c. continued to 33 terms. 
Here we have a —=6, 1 — 33, D'= 114, D 
=270, D"'=162, D“ Do, whence the ſum 
of the ne; by the above theorem, vis. 


—D'+nxX= x =D"+ nx=x 


2 


* D Sc. is equal to 8162550. By 


3 
pe in the ſame manner with the ſe- 


cond, fifth, eighth, &c. terms, their ſum (neg. 
lecting the common denominator) will be 
found equal to 7839216, B's chances for 
winning. The third, fixth, ninth, Sc. terms, 
being ordered in the like manner, will give 
C's chances equal to 7525584, or in lower 
terms, by dividing each by 198, in the ratio 
41225, 39592, 38008. 
If the number of all the counters were 
500, and the number of white {till 4, then 
the number of terms repreſenting the chances 
of A, B, and C, would be 497, which di- 
_ vided by 3 leaves 2 remaining, which ſhews 
the chances of A and B do each contain 166 
terms, C's 165 only. But from what has 
been ſaid in the foregoing examples it will 
appear, that the firſt or greateſt products of 
the ſeveral players A, B, C, will be 499x498 


hel 496 X 495 x 494 * 493 * 492 * 491, 
G 4 - reipec- 
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reſpectively, whence it follows, that the laſt 
or leaſt products will be 4 x 3 x 2, ZX2X I, 
5xX4x3, for A, B, and C. 


PROBLEM E 


To find what probability there is that in 
taking at random ſeven counters, out of a 
heap conſiſting of four white and eight black, 
three of the ſeven ſhall be white ones. 


„ 


Imagine the ſeven counters to be drawn 
one at a time. The E of drawing 
a white one the firſt time is . If a white 
one be ſo drawn, then as there remains 11 
counters in all, viz. 3 white and 8 black, the 
pr obalylity of _— a white one next will 
be r, hence , x br is the probability of 
drawing two white ones ſucceſſively, and in 
like manner that of e o_ _ white 
counters ſucceſſively is 4- x - x &-. Now 
if three white ones are 43 * there 


will remain only one white counter, whence 


the probability of drawing 4 black counters, 
will by the ſame way of reaſoning appear to 
be KN, and conſequently that of 

drawing three white counters and four black 
_ 1 „% oy 


ä 79575 
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ones from the ſaid heap, is , * 3-X £-X £ 
XFX N. But as there is the very 

fame chance for them to come up in any 
other aſſigned order than is here ſpecified, it 
follows, that as many different ways as three 
things can be taken or combined in 7, (that 
is 35, by Problem II.) juſt fo often ſhould the 

aforeſaid probability be n to give the 
required one, whence % * 35 is the proba- 
bility of drawing preciſely 3 white counters 
and 4 black ones, to which add that of draw- 
ng 4 white counters and 3 black ones, viz. 
gives 7+, the true probability required, 
becauſe it is generally underſtood that ac- 
cording to the law of play, he that does more 
than is required of him to be a winner, is 
not deemed a loſer, unleſs it be * agreed 
upon to be fo. 

LY Otherwiſe. 

* Conceive the 12 counters parted into two 
different heaps, one containing 4 white coun- 
ters, and the other 8 black ones. The com- 
binations of three in four are? x 2 x === 4, 
and thoſe of four in eight * x 2 * £ 6 * yo, 
therefore 4 x 70, or 280, are the different 
ways for taking 3 white counters and 4 black 
ones, from a heap conſiſting of 4 white and 

8 black. T he whole number of different 
ways 


90 te Laws of Chances 

ways whereby may be taken 2 counters out 
12.11,10.9.8.7,6 

of the ſaid heap, being _ 57:9 2 792, it 

follows, that 352, is the probability of draw- 

ing three white counters and not more, to Z 

which add that of taking 4 white and 3 F 

black, vis. r, the ſum is the required 

5 * the ſame as before. 8 


Corollary - ” 


Saad cs x 
A * e een Ns C Fn. : y 
r EV . . np IO * 
N 8 3 * 2 FO e r * l 8 7 — e 


Let 2 be the number of white counters, 
(4) the number of black ones, (x) the ſum 
of a and 5, (c) the number of counters to be 
drawn from the heap, (p) the number of | 
white counters to be found preciſely in c, | 
mc —þp. Now ſuppoſe the whole num- 
3 ber of counters placed in two heaps, one con- 
taining all the white counters, the other all 
the black ones, the combinations of þ things 


in (a) being © x Zx <= — (þ), and thoſe of 


n in 6, e * , it follows, 
that x — x = /p)x + * — DV x x ln 
will expreſs the different ways by which 5 
white counters, and n black ones, can be 


drawn, this being divided by A ih 
(c), being all the different ways that ( 


things can be taken in the number (7) gives 
L . 
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the probability required, equal to 


* x= (p) into TL EA a. 92 


THIER e 


or by actual diviſion e to ©: DD 7 7) 


into & t e I into 1 tank = 
11 —1 X n-—2 * AX n—5 u e He 
Now to contract this expreſſion as _ 


as poſlible, let the denominator be parted 


into two factors n * & E = (a), 


and xi K z (c=a) which may 


be done becauſe a , n, whence the ex- 


ani cn 2 


2 ＋ (into cx 


1 — RET 


=I XK 2 Xx 3 (e- 8 bXb—1Xb—z 
— — — Into — 
1 — 3 X 2 —4 (a) pon x bi x 


2 (m) but this laſt factor is equal 


—2 Xb—3 (ca) 
to bÞa—c X 6+Þa—c—1X 8 X bXa—c=z 


n -) therefore the required N 


ig ” m OY becomes - 
MCT (2) into * = * ©—2 X 


A 
22 — 


| AXa—1Xn—2Xa=1X | 
— 72 into „. e INI cx. — 2 — (a+) 


XR Xx 6 * n — 7 (a 


by writing 5, u, and — for their equals 
0 — MN, | 
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— a+6 and m+ ary c reſpettvely. 
If p—o, then cm, and * * 2 — (c), or 
0 is the n for 


N mand | 


* preciſely 7 c) black counters. 
Corollary II. 


The probability of taking c, or a greater 
number of black counters, is equal to the 
ſum of the ſeveral probabilities for taking 


preciſely c, 1.2.3, Sc. (c-) black ones, ſub- 
tracted from the probability of not taking 


6. black ones preciſely. 


Example I. 
There is a lottery conſiſting of 1000 tick- 


ets, among which are three particular prizes, 
what is the probability that a perſon in tak- 


ing 30 tickets ſhall have all the three prizes? 
In this caſe it matters not whether there are 


any other prizes in the lottery beſides thoſe 
three particular ones, therefore the remain- 
ing 997 tickets may be all conſidered as blanks, 


hence 'a=3, 5= 997, 2= 1000, c =O, 


' Þ=23, and the probability ſought equal to 


EXEXT into 30X29X28 2 2 
Iooo x q x8 | SD rr rs rer 


Example II. 


The ſame thing being ſuppoſed as in the 
laſt example. Let it be * to find the 


br nearly. 


Proba- 
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probability of taking one or more prizes. 


Here a=}, b 997. 7 == 1000, fx J0, 


+ if N 
as before, but 3 o, then 10004999998 © 


22935224 15 the probability of drawing all 


99700200 


blanks, which ſubtracted from 1 leaves 


437:4925_ for that of not drawing all blanks, 


5970020 


or the probability of drawing one or more 


prizes. 
Example III. 


In a lottery conſiſting of 40000 tickets, 
among which there are three particular pri- 
zes, how many tickets muſt be taken to make 


it an equal chance that one or more of thoſe 


prizes ſhall be drawn? Here 7 — 40000, 


 a=3, b= 39997, po, whence becauſe 


(1) is a very large number, the expreſſion 
Ex ZZ (a) becomes = * R 


(a) very nearly, equal to =T wha muſt 
be 2. therefore c= 2 == = 3252. 


Example EY; | 
In a lottery conſiſting of 100000 | tickets, 


in which there are 10000 prizes, and goooo 


blanks, how many tickets ſhould be pur- 


| chaſed to have an equal chance for one or 


more _ By Coro. I. Ex === 
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(e) is the probability of drawing c tickets all 


blanks, wherefore becauſe » and 4 are in this 
caſe very large numbers, we may reject the 


numerical . as inconſiderable, which 
done, it becomes , this ſubtracted from I 


leaves the 5 of drawing one or more 
prizes in the required number of tickets, 


1 2 and conſequently c = 


x © 


Tog. 2 TEL, | 
Dog. #—=Log b — $5, 00000—495424 = 6,6 nearly 5 


which ſhews that in taking 7 tickets the ad- 
venturer has ſomething more than an equal 


chance for one or more 2 but in taking 


6, ſomething lels. 


It may be neceſſary MEER to obſerve, that 


| 8 N 4 
as the expreſſions x = x = x = (ce) = 
al are en, to 1 * as is 


ded 1 by Corollary I. the reader may con- 
clude that either of them would have ſerved 


for the ſolution of the two laſt examples; but 


notwithſtanding they are alike, yet when the 


numerical quantities in each are rejected, they 
differ very much, the former then becoming 


CG 


2 . . . . 
—z Which is a theorem relating to throwing 


of dice, as may be ſeen by the rules given in 
the introduction, and conſequently ſuppoſes 


the 


* 
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the ratio of à to h, continues invariable. 
_ Wherefore in all calculations of chances re- 
lative to lotteries, the above theorem will 
prove defective, and more eſpecially in thoſe 
caſes wherein the ratio of the blanks to the 
prizes may admit of great alteration, as in 
the third example, where, there being but 
three prizes in all, that ratio might very pro- 
bably change from 2 — to that of equality, 
during the drawing of the lottery. But when 
the proportion between the blanks and prizes 
is often repeated, as indeed it uſually is in 
lotteries, problems of this ſort may be ſolved 

ſufficiently near the truth by conſidering them 
as thoſe depending on the caſting of dice. 


PROBLEM XXXVI. 


What is the probability that in taking at 
random (m) counters from a heap conſiſting 
of (a) white counters, () black ones, and 
{c) red ones, there ſhall ſtill come out pre- 
ciſely (+) of the firſt colour, (8) of the ſe- 

cond, and ( Jof the third ? 


SOLUTION. 


Conceive the counters diſtributed i into three 
heaps, one heap containing all the red ones, 
: another all the black ones, and the third all 
the 


; 18 E 2 , I eb nnn * . W 
* me 2 N. * or iy 2 A 8 r — * * — 
aan e 0. ungen r 8 [Re 4 n bog 5 2 T 3 
. , , od n 5 _— ITY PEER”. nnr * ä — 


F: 
| 
15 
F 
N 


96 The Laws of Chance. 
the white ones. Now find the ſeveral com- 


binations of (7) things in (a), thoſe of ( 


things in (0), and of (t) in (C), which a are 
_—_—_ RENTS py KEE xXx 

= 1 and — X x = x7. 1 | 
ng (7) into vg (% 
into * * * 5 are all the rent 


ways by which the aſſigned counters can be 
taken, which being divided by the combina- 
tions of (m) things in (n), vis. * R 


3 


* — (m) __ the un, — ow 


into — — Uñä——ͤ— 
I (in) 


Note, This method of ſolution extends to 
any other caſe of the problem, as when there 


are four or a greater number of colours 1 in 


the 1 heap. 8 
Example I. 


A wagers with B that from a heap of 30 


cards, viz. 10 of each fort, hearts, ſpades, 
and clubs, he will at a venture draw three, 


fo that there ſhall be one of each; required 


his 


. 
. 
. 
1 
= 
5 
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his probability of winning? Here 9, l, and 
Cars 9 = 10, and 7, s, and t, each = 1, 
m=43, 2=30, and the * ſou Shit 


| Seen 
equal to N X v. | 


Example II. 

In a heap of cards containing 10 in num- 
ber, wherein there are 5 diamonds, and 5 
clubs; what is the probability that in draw- 
ing 5 of them at random, there ſhall come 
out two or more diamonds? Here n= 10, 
m = 5, aF, b=5, r 2, — whence 


we get N Lok 17S that 1s, - 7 the Pro- : 


| bability of taking one diamond preciſely, 
which ſubtracted from 1 leaves ; for the 
contrary, viz. for having either more than 
one or elſe none, but is the probabulity 
for taking all clubs, therefore :- or 
is the probability of drawi ing two or 


9 


more diamonds. 


PROBLEM XXXVII 


i The ſame things being ſuppoſed as in the 
laſt problem, to find the probability that in 
drawing the counters ſingly, the (p) firſt of 
them ſhall come out of the firſt ſort, and the 


next after gf the ſecond ſort. | 
H ” S O — v 
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SOLUTION. 

The number of the firſt ſort being (a), of 
the ſecond fort (/, the whole number of 
counters (u), the probability of taking one 
of that ſort whoſe number is (a, will be —, 
if this be ſuppoſed to have happened, there 
remains 4—1 of that ſort, and therefore the 
N of taking one of thoſe next is 
=, that of ſucceeding twice ſucceſſively is 


1 


- x=, and conſequently the probability of 
Wn all the firſt (p) counters of the firſt 
ſort. is © x = x =? *, Sc. (p Now if 


theſe ſhould happen to be ſo drawn, it will 
follow, becauſe the E of . 27 one 


of the ſecond ſort next is , that - 5 _ 
| e 50 ＋ * — = = „c. 22 or 
—_—_ x I ) is the bat; - 
lit requir ed. | 


PROBLEM XXXVII. 


The chances for happening or failing of 
an event in any one trial, being equal, in 
how many trials may I undertake upon equa- 
lity of chance, that the propoſed event ſhall 
happen (7) times or oftener ? 5 

5 80 Lu- 
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SOLUTION. 


Let (a) be the chances for happeniig or 
failing at each trial, (x) the number ſought. 
By Prob. VIII. the probability of happening 
(7) times, or oftener in x . is equal to 


. — — 42 * 12 
2 4* 
which muſt be . Wherefore ſince one half 
of the number of terms of the binomiol 2Fa* 
muſt be equal to the other, it is evident that 
x—=27—1, becauſe the whole number of 
terms of any power of a binomial is equal to 
the exponent of that power plus 1. 
Example I. 
In how many throws witli a regular ball 
having 13 red, and 13 black faces, may I 
undertake to make it as likely that 4 red fa- 
ces ſhall appear as 4 black ones? Here A. 
whence x==7, that is in 7 throws it is juſt 
as probable that 4 red faces ſhall come up, as 
not. 


3 


Example II. 


In a pack of 26 cards, 13 of which are 
black, and 13 red, if 11 cards be dealt, how 
many is there an equal chance of being red 
ones? Here is given x==1 I, whence r—6. 

H 2 __ 
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Note, In this example the ſolution is not 
quite exact, becauſe the number of cards in 
the pack diminiſhes after each trial, whereas 
in the other, the number of faces upon the 
ball continue the ſame after every trial. 


PROBLEM XXXIX. 


There being (a) chances for an event bay” 
pening, and ( chances for its failing; 
how many trials may one undertake that "4 
ſaid event, upon equality of chance, ſhall 
happen once or oftener. 


SOLUTION. 
Let x be the number of trials ſought, by 
Problem VIII, —— is the probability that the 


propoſed event does not happen at all in 
thoſe trials, which by the nature of the pro- 
blem muſt be equal to +, whence 2 x b* = 
a+#*, and by taking the logarithm of the 
equation, we get x x Log. b + Log. 2 = x x 


Log. a+b, 


- by writing 1 for 2 If 


== 


in the equation -= 2 x h we vols þ for 


72 it will be changed into 1 = 2, which 


in Logarithms is xx Log. TT 5 Lag. 2. Now 
if 


The Laws of Chance. 101 


if ab, or f=1, x will be = 2 


Il. 


= 


But if þ be ſmall in compariſon with unity, 


let the logarithm of 1+ ＋ be ex xpreſſed by a 


ſeries p—Zþ* +Fp*—Fp*+FÞ", Sc. by 
taking only the firſt term we get * = Log. 


* == 0,093, or px = 7, nearly, and , | 


we had before þ x l, in which caſe N= 
from theſe two values of x, we may infer, 
that in all caſes it may be taken equal to 2 

—+ 0,3, be the value of 5) what it will. 
| Example 1 Fans 


In how many throws with a ſingle die. 
may one undertake to throw either the ace 
or duce, upon equality of chance? Here 
42, bg, pi, whence x=1,7. 


Example II. 


In how many throws with a pair of com- 
mon dice may one undertake to bring up 
both aces? There being 36 chances upon 
two dice, and only one chance for bringing 
up the two aces at any one throw, it follows, 
that a=1, b—3J5, p—=Z;, hence x=24,8; 
Which 3 that in 25 throws it is ſome- 
thing more than an equal chance, that the 
two aces ſhall come up together. _ 
Ry: = 2 
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Sp 0" 

Suppoſe a lottery conſiſting of a very 8 
number of tickets, wherein the blanks are 


to the prizes as 39 to 1; to find how many 
tickets muſt be taken to make it an equal 


chance for one or more prizes? Here a=1, 


8230. . whence * = 27, 6. 

Note, The ſolution of this example is not 
ſo exact as the ſolution of the others, becauſe 
the number of tickets drawn diminiſh the 
number of thoſe remaining in the wheel; 
whereas in throwing with dice the caſe 1s 


_ otherwiſe, the ratio of a to h, continuing the 


ſame, which in drawing of tickets varies, 
and is greater or leſs according to the num- 


ber of blanks that have been drawn, yet when 
the number of tickets in the lottery is very 


great, the alteration of the ratio -- being then 
very ſmall, this method of Chicas will be ſuffi- 


ciently near the truth. Theſe examples might 
have accurately been ſolved by the firſt the- 


Log. 2 | 
orem, VIZ. x = le but the latter 


method being much more expeditious, may 


perhaps be n . 


PR O- 


PROBLEM XI. 


Things remaining as in the laſt problem; 
it is required to find the number of trials ne- 
ceſſary to make it an equal chance that the 

event ſhall happen twice or oftener. 


SOLUTION. 

It appears by Prob. VIII, that 2 - 
is the probability that the event does not 
happen twice or oftener 1 in x trials, therefore 


bropxb ta =2x7F7 or p, 


and Log. i p = x x Log. i —Log.2. But 
as theſe logarithms muſt be expounded by 

ſeries, it will, in order to make thoſe ſeries 

converge ſwiftly, be convenient to ſubſtitute 
| 2 +v 


27 for px, whence Lag. oF3==x 


Log. 1 — Log. 2. Now the logarithm of 
n * given, that of m2 +2 is 5 equal to 
| TED multiphed vy — ZI — += 

X == 1260 * 2 — Sc. + Log. 
n. For the inveſtigation of this uſeful ſeries 
ſee Mr Mac Laurin's Fluxions, page 679, as 


this ſeries converges very ſwift, it will be 
H 4. ſuffi- 
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ſufficiently near the truth to take only the 
firſt term; * , conſequently the above equa- 


tion will, by writing 3 for m, and v for 2, 


on the left hand fide, 1 for m, p for z on the 
right, become 1 ＋ Lg. 3 —_—— 277 . 


Log. 2, jor becauſe P is very anal 2 = + 


Log. 3=2 +v— Log. 2, Or Pr =2+v 


— Log. 6, for Log. 6 put 1,7917, reduce the 


equation by compleating the ſquare, &c. and 


we get v= —,3226, 2 +v=1,6784—þpx. 


If (a) and (b had been equal to each other, 
px would have been equal to 3, as appears 


by Problem XXX VIII, now as twice the for- 


mer value of þ x, VIZ. 3, 3568 exceeds 3, the 
latter by ,3568 it ny that the value of x 


"1 _ equal to — x man 6632, 


or -, - 164+ 133. 
Example * 
In how many throws with a ſingle die, 
will it be an equal chance that the ace may 


come up twice or oftener ? Here 31, 
þ=5, whence x .. 


Example II. 
How many trials are neceſſary with a pair 


of common dice, to make it an equal chance 


for 
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for the number 5to come up twice or oftener. 


Here @=4, þ = 32, x = 14:4- 


PROBLEM. XLI. 


The number of chances for an event hap- 

pening being (a), thoſe for its failing (3), 
in how many trials may one undertake, up- 
on equality of chance, that the ſaid event 
ſhall Happen (r) times at leaſt. 


So r 


Let x be put for the number ſought, then 
e 
VII. ) the probability of the event not hap- 
pening 7 times in x trials, and by the queſ- 

tion muſt be +. Let -- =p be ſuppoſed 
very ſmall, then x muſt be very great, be- 
_ cauſe, when the chances for an event happen- 
ing are very few, it will require a great 
number of trials to make 1t an equal chance 


' happening any aſſigned number f 


times in a given number of trials, in which 
caſe the numerical quantities 1, 2, 3, &c. in 
the unciz may be rejected as inconſiderable 
with reſpect to x, wherefore by ſubſtituting 
p for (a), and dividing all by * we get 


Tm 


[hs ro 
— —m— — 8 
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1 Fx T ＋ ., Sc. (r) =, 


2.3. 4 2 " 


for px put r, we have 1 ＋ +v+E 


＋ 24 T 2:34 — _- 3 by * 
panding the ſeveral terms, IT + v + 


r2+b2rouput 1 r+ 12 2 19 
eee. 


* 


7 * — 
v4 
I F 7 
Be 
- 4 
Sag 
n 
. 
„ Dn) 
2 aſp 2 515 
+ + + 8 
71 l 21 «| 


Fc. 


into 147 ＋ 


9 2 
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1, into 1 br + 
v, into 1 +r + 


0 
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rut 1 Tr +7 + T 
TFT eier re 

5 | | | * 3 504 | 
==, then dev + +5 + op 9 
—1 +2| 7 and conſequently the logarithm of 


— 
2d T2 2 42 ＋ 25 6 Sc A 


”_ Log. I Ty, + lovin of ö 18 2 


5 - += p_ - Wn”, &c. but the logarithm of the 


others ſide ir, the equation not being ſo caſily | 
obtained, it will be proper to ſhew the in- 
veſtigation of it. The fluxion of the loga- 
rithm of any quantity is equal to the fſuxion 
of that quantity divided by the quantity it- 

SEE 2eu+þ2foy+gvoy 4g 
£ ſelf, whence Tetv fe 462 7, Sc. is the 
fllauxion of the logarithm requited: Now to 
find the fluent, firſt divide 2 e- 2 7 v+ 8 v', 
Sc. by 2d T2 cu += , Sc. as in 
N common arithmetic. Secondly, multiply the 

| | quotient, viz. ++ +5; + * RD 
| += Sc. by v. Thirdly, find the fluent 
of each term. And laſtly, correct the fluent 


by adding the — of 2 4, (for v being 
G made 
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made equal to nothing, the whole vaniſhes) 
whence the true fluent is wi 2 ” 2 85 7 ＋ 


_ eeuy — | hk” 6-8 


2 e 


to r ＋ 7 into 1— 2 > +>— , Cc. ; equal: to 


r + v nearly, " ban 0 very ſmall, : 


1 5 


by proper . we get v + 


INT 7 *, Cc. = N for 
F 
this laſt put 2, and for the 9 of v, 


V*, v', Sc. put 1, B. C, 0. whence by 


reverting the ſeries we have v=2 — Bz'+ 
2B —Cx2), Sc. therefore p x =7 + v is 


equal to + z—B 2* +2B'eCx2!', or 


becauſe the ſeries converges very ſwift, p x 


— " i 
rz nearly, that is, equal to next: 2« 


«dt by reſtoring the value of 2. Now if — 
be taken equal to 1, 2, 3, 4, 5, &c. ſucceſſively, 
px becomes, 693 14, 1, 6784, 2,6743, 3,6720, 
4,6709, and 5, 6702 reſpectively, conſequent- 


ly, from hence it appears that the difference 


between any of the correſponding values of 


rand p x, is very near conſtantly the ſame, 
v. , and that when þ 18 very ſmall, x 


3 


5 3 


but when a=b, x is then = = 2 b 
| TBS 
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Problem XXXVIII. Therefore as the value 
of px is ever between r,3 and 27 f it 
follows, that x may in all caſes be taken equal 
to Xray +r—7. | | 
Note, The hyperbolic leichen are uſed 
both in this and the foregoing problem. 


Example I. 


In how many throws with three common 
dice may one undertake to throw the aces? 
The chances for failing at any aſſigned throw 

are 215, for * only 1, whence a==1, 


6 =215, * = * eee, be- 
ing in this caſe = I. 
| Example II. 


In a lottery conſiſting of a very great num- 
ber of tickets, wherein the blanks are to the 
prizes as 9 to 1, how many muſt be taken 
to make it an equal chance that + of them 

at leaſt ſhall be prizes? Here a=1, b=9, 


r==4, whence x==36, the number required, 
Example III. 


Suppoſe a lottery like the foregoing, where» 

in there are 39 blanks to one prize, how 
many tickets muſt be purchaſed that the 
buyer may have an equal chance for one or 
more Prune, G=1 3V=3 9, Tl, ande 


E 
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1 Example IV. | 
In a pack of 52 cards, conſiſting of 13 of 


each ſuit, if 13 cards be dealt to me, how 


many may I on equality of chance expect to 

be trumps? In this caſe there is given @=13, 
5 239, and x==13 to find r, which by the 
equation above will be found equal to 4 
nearly; therefore in the game of whiſt it is 
ſomething leſs than an equal chance for any 
particular player (the dealer bog nom PAYNE 

4 trumps. 

f r 
A perſon playing with a ſingle die, 5 


mines to caſt it n times, how many times 


may he undertake, upon equality of chance, 
to throw an ace? Here a=1, b==5, m, 


| therefore r= * 


PROBLEM XLIL 


Any number of chances bing propoſed, to 
find the probability of their being produced 
in any aſſigned order, without any limita- 


tion of the number of trials in which n 
_ _—_— to be produced. | 


SOLUTION. 


Let the propoſed chances be a, B, c, d, e, 77 


and this the order in which oy are to be 
Produced. 


The Laws of Chance. 111 
produced. The probability of producing a 


firſt is (n=a+b+c+d+e+f) =, that of 


producing (a) firſt and (5) next is = x . 
the probability of producing a, 5, e, before 
any of the . but in the aſſigned order, is 

—— and by the ſame ſort of pro- 
ceſs we get the probability of producing 0, 6, 
c, d, e, before f, and in the aſſigned order, 


aXbXeXaXe 


ob. 2 ras 2 a 
get 2 * 4A 
8 „ HIS ETHEL ont, — 
N EDI * 2 


NN 
r 


— = 7 
L 5 3 5 Py 3 4 * — ; 3 ; 
PTT 


equal to | — 


ER —— — | 


whence the law of continuation is manifeſt. 
Let it be required by way of example, to 


find the probability of throwing, with a pair 


of common dice, the chances IV, V, VI, VIII, 
IX, X, before VII, without any reſtriction as 
to the order in which thoſe chances may hap- 
pen to ariſe, but only that they may all come 
up before VII. Let the propoſed chances, 
or rather thoſe for their happening, ws. 3, 


4, 5> 5, 4, 3, and 6, be called a, 6, c, d, e, and 


m, reipechvely. The probability of throw- 


ing them in an aff 1 N order is 
1 9 
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that is not the thing particularly here re- 


quired, only that the chances (7) may come 
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up laſt, there will be as many different parts 1 
like this, as there are changes to be made 
with ſix letters, which being 720, we ſhall 
have fo many parts like the above to be add- 
ed together, in order to have a compleat ſo- 
lution to the problem. But the chances IV 
and X, V and IX, VI and VIII, being re- 
ſpectively the ſame, thoſe 720 will be re- 
duced to go, which added together, and the 


ſum multiplied by 8, will give the probabi- 


ty required; yet notwithſtanding this reduc- 
tion the operation would be ſtill very labo- 


\  rious, if not altogether impracticable, for 
which reaſon it will be neceſſary to have an 


approximation, by ſuppoſing all the chances 
except that which is to happen laſt, equal to 
ſome mean chance which may be found by 
ſeeking the ſeveral probabilities of throwing 
all the propoſed chances before VII, and 
taking + of their ſum for the mean probabi- 
lity, whence the mean chance is known. In 
the problem before us, the ſeveral probabili- 

ties of 1 all the other chances are +, 
+, 7 „ro 15 and 3, their ſum is 33+, + of 
it is g nearly, the mean probability. Let 


1s #6466 pag the correſponding mean chance, 
: then — e 1297 and 2231.5 now that ex- 
Preſſion 
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preſſion which before denoted the probabi- 
lity of their being thrown in an aſſi gned order 


& X X⁊ XNA XX 
be Om 
1 15 62 b+ An A= X 32 X22 Xie? 


and there being no difference in their proba- 
bilities for coming up 1n different orders when 


they are thus reduced to a mean chance, it 


follows that the laſt expreſſion multiplied by 


720 gives the probability ſought, equal to 
65708 


£52225, But if it was farther required 
not only to throw all the other propoſed 


chances before VII, but alſo to do it in a 


certain number of trials, the problem might 
eaſily be ſolved by imagining a mean chance, 
becauſe without which we ſhould have often- 
times as many different expreſſions to add up 
as there are changes in the propoſed chances 
that are to be firſt produced, whereas by this 


method of a mean chance they are reduced 


do only one certain quantity, that being mul- 
| tiplied by that number of age will give. 
the probability required. 


PROBLEM um 


To find the number of chances for throw- 
ing preciſely any given number of points (p) 
in one throw with four dice, each having (p 


or a greater number of faces. . 
. I Sor Us 
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SOLUTION, 


In order to facilitate the ſolution of this 
and the following problem, I ſhall lay down 
a lemma which was communicated to me 
by my ingenious friend Mr William Payne, 
teacher of mathematics. 


The Lemma. 


The ſum of I, 3, 6, 10, 15, 21,28, 26, Sc. 
continued to ( number of terms is equal to 
a + 2 * 1 * 7 


— 


n 
Demonſtration. 
12345 8) 
| 2345 1 

F $405 
Eety=q12 45 F=x: 

b | | 8 3 5 | 

[enot3dl $1.78; 3-41 71 

- 2 3 4+ 3 = 


Tt is evident by the ſcheme, that = 1+ 
$45 64-10 +75; &c. (n) and alſo that x is 
—1+4+9+16+25, Sc. (n) therefore 


2y —X=1 Ar 


—. Again, eb * X17, whence 
5 | 1 nXa1 Xn? 
3j="xunþa Fi X Exam . 2 
An . 1 ＋ np 27; 1 * $4.4 f 
and y=7x — X 3 Fo 9.E.D. 3 
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Now to proceed to the ſolution of the pro- 
blem. The chances for () points (when p 
points are required to be thrown it is to be 
underſtood of þ points preciſely) with two 
ſuch dice are Þ—1, becauſe with p—1, p—2, 
5-3, Sc. points. upon either die, the ace, 


duce, tray, &c. of the other may be com- 


bined, for the ſame reaſon the chances for 
( points with three of thoſe 1875 are 142 


+ 3 +4, Sc. p=1, equal to . Now 
as 3 is the leaſt number that can 15 thrown 


at one trial with three dice, it follows, that 


the chances for ) points with four dice will 


be equal to 1 +3 +6 +10 +15, &c. p=3, 
by writing 3, 4, 5, 0, &c. p—1 for þ in the 


my expreſſion, whence by the lemma — * 


: X „ are the chances for () points — 


four — and thoſe for 2 Pounts with five 
N 


dice, will be found equal to —=x= a 


from hence the law of continuation is mani- 


Crollry. 


The chances for Y points with (n) ſuch 
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PROBLEM XLIV. 


Let there be three dice, each die having 
or a greater number of faces, imagine 
the points on each die where their number 
is greater than (/) to be red, the other points 
black, let one die be called A, another B, 
the third C; it is required to find the chan- 
ces for bringing up (p) points in one throw 
with theſe dice, fo that the black part of each 

die may be upwards, "TB 


S$oLUT1ON. 


The chances for (p) points ſo as to have 
the red part of the die A always upwards are 
equal to thoſe for p—f points without re- 
ſtriftion. For conceive the black part of the 
die A expunged, and the /) following red 
faces each dirainiſhed by (Y, then it is evi- 
dent all the chances that before ſuch diminu- 
tion gave (p) points with the red part of A 
upwards, will now give (p—f), wherefore 
if we conceive the diminiſhed red part to be- 
come black, and the remaining red part ſuf. 
ficiently augmented, the die A will be juſt as 
it was at firſt, conſequently the chances for 
points with the red part of the die A up- 
Wards, are exactly equal to thoſe for (p—f) 

points 
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— points without reſtriction; proceeding 1 in the 


ſame manner with B and C, it will appear 
that the number of chances for (p points 


with the red parts of A and B upwards, is 


equal to the number of chances for p— 2 f, 


without any reſtriction; and the chances for 


(2) points with the red parts of A, B, C, 
upwards, equal to thoſe for p— 37 with- 
out reſtriction ; the ſame is to be underſtood 
of 4, 5, &c. or any given number of dice. 

The chances for (/ points, without any 
reſtriction upon red or black faces, are 
equal to r x*= (by the Corollary to 
Problem XLIII.) from which ſubtracting the 


ſum of all the chances for thoſe points ſo as 


to have the red parts of all, or ſome of the 
dice upwards, there will remain thoſe for (p) 
points with black faces only, theſe things pre- 
miſed, let . p—2f=b, p37 


c, then —x—, the number of chances 


for ( points with the red party of A, Band 


8 upwards, ſubtracted from —x =, thoſe 
for (p) points with the red parts of 2 or 
more upwards, leaves = x = — * the 


chances for (y) points with the red parts of 
A and B, and the black part of C upwards, ' 


but as the black part of C might have i 
1 5 * 
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ed with either A or B, the laſt expr eſſon 


5—1 b—2 (== —2 


— * being multiplied by 3 
ſhews the number of chances for Y points 
with one black and two red faces. From 
* — the chances for (/ 2 points with the 


8 part of A or more upwards, ſubtract the 


ſum of the chances for the ſame points with 
all red faces, with A and B red, C black, 


with Aj and C red, B black, the remainder 


b—2 b— C2 — 


42—1 2 — Pm] 2 — 
: X 4 EM 2 X X — +2: K ay 53 - X 
6 21 . a—=2. 3 5—2 1 — 2 — be | 


Wy = — 2x4 3 


ing multiplied by the number of combina- 
tions of 1 in 3, vis. 3, gives the chances for 


| (2) points with one oy face, and two black 


ones, wherefore 3 x — x = —3 * = 


2 2 


the chances for ( okay with one black face 


and not more, plus 3x" x —3x2x 


b—r 


* thoſe for (#) points with two black 
faces preciſely, being ſubtracted from x, 
the chances for (p points without any . | 
ſtriction upon either red or black faces, leaves 
the chances for thoſe points with the black 


parts of A, B, and C, upwards, equal to 


* 


The Laws of Chance. 119 


er t= into 1, 


* 
A 


= = into 3 


1 = into 1. 


PROBLEM XLV. 


Other things remaining as in the laſt pro- 
blem, let it be required to find the chances. 
for throwing 7 ) points in one throw with 

| four dice. 


3 SOLUTION. 

Put p—f=a, p—2f=6b, p — c, 
547 d, call. the dice A, B, C, D. Now 
= * * are the chances for (p) points 
vwith the propoſed dice without reſtriction (Cer. 

Prob. XLIII.) = x — x — the chances for 
thoſe points, ſo as to have the red Parts of A, 
B, C, or more upwards, — — X =x<= * „ thoſe 


for 5 ) Ps. with all red faces up 


e—2 (== 4—1 4d—2 d—3 


hence we get = x 
the chances for () * with the black part 
of C, and red parts of A, B, and D, upwards, 
which being multiplied by 4, the given num- 
ber of dice, gives the chances for (p) points 

14 With 
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D, which muſt be multiplied by 3, becauſe 
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with one black | * and the others red. 
hr b—2 


Again, —x — * are the chances for (y? 
points with the red. parts of A and B or more 

upwards, from which ſubtract the chances 
for (p points with all red faces, and alſo the 


double of thoſe for the ſame points with A, 


B and C red, D black, (becauſe A, B and D, 


may come up red, and C black) there will 


remain the chances for (p) points, with the 
red parts of A and B, and N55 black parts of 


vi and D N equal to to — RD * *2— 
d—1 


- . , but as there 


are thely very ſame chances Aug any other two, 
than A and B, being red, it follows that the 
faid expreſſion being repeated as often as there 
are different combinations of 2 in 4, vig. 6, 
will give the number of chances for p points 


with two black faces, and two red ones up- 


wards. Our next buſineſs will be to find the 
chances for ( points ſo as to have one red 
face and yr 2 * N which may be 


done thus, = — xX—* x < are the chances for 


7 58 with all red Faces, = X X — 


I 
x x are thoſe for (P points with 


I 


the * ects of A, B, C, and black part of 


the 
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the red part of B or C, might have changed 


| with- D. Again, Ss N xp 


2 


- x + xs . 4—3 
3 


FD, 72 . with A any B red, CandD 
black, which muſt be repeated three times, 
becauſe the red part of B might have chang- 

ed with Cor D, now it is evident that if the 
ſum of theſe three expreſſions be ſubtracted 
from the number of chances for ( points 
with the red parts of A upwards, without 
any reſtriction ag the others, B, C, or D, 


2—1 — 1 
diz. from - x<= * „the remainder - — 


(ha | — My 4— — 1 
A— 4—3 I ene 2 er 5 gi 3 ES, —1 =x 
cet; a — ae: . 

N- * l . the 
number of chances for 5) points ſo as to 


have the red part of the die A up, without 
any other of the ſame colour, which multi- 


plied by 4 gives the chances for (p) points 
with one red face and three black ones. By 
collecting together thele "OA chances we 
get, 1 _ 


| 1—2 
I into 5 EE for / 2) points with all red faces, 
c— 1. —2 Con} : 
iter K — 
+ | a Wag 3 for (y) points wh three 
A 4—2 4—3 = red and one black. 
TIRE 


6 into 
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1 Jin 
= X— x - RPE . 2 X Rd ood and two 


„ 2 
. J 


4 into 3 K N ＋ 


3 
2—1 2—2 3 b—1 | „ 
| "Wy 33 and 
OY © OO POET 0 9" three black. 
Xx — Xx — — — X — x1 | ® 
2 1 2 
4—3 * 3 25 | 


The ſum of theſe being ſubtracted from 
te =, the number of chances for ( 


1 2 


points with four dice without any reſtriction. 


will leave 


— i 
3 Wd, 
21 == 2—3 

: "4 "gl 3 
+ WIKI X XS. 
nd | —2 —3 
— RN IS 


3 + = = 5, — — 

The number of chances for throwing p). 
points preciſely, in one throw with four dice, 
ſo as the black part of each may be upwards. 
Now let the given number of dice be called 


mn, 
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nu, then from this, and the preceding pro- 
blem, the law of continuation may be eaſily 
deduced; for the number of factors in each 
line is 2 — 1, and their correſponding nu- 
merical multipliers form the unciæ of a bi- 


nomial 1-1, raiſed to the 2 dene an 


this general theorem, 


. (n—1) into 1 
Bs nk by © 3 1 
„nr . (n—1) into.” x — 


- > tt te * | Wain 


„ 7 ( into x x = 
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4—1 4—2 Fad 2—2 
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+ ON EW (n=1) into x * D X == 


0 2 


* 


Hen 


| 4 | JET 
Se. Se. 


Wherein IP e 56 WT. 


d=p—4f, &c. 
. 


Note, The terms of the ſeries are to be con- 
tinued till ſome one factor becomes nothing 
or negative. | 
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are e 
Suppoſe the faces of each die to be marked | 
„ r r, r*, &c. progreſſively, to as many 
terms as are the number of faces upon each, 
then to have all the chances upon two ſuch 
dice, Tr r r, Sc. ) being the 
number of faces upon each die) muſt be 
ſquared, and for all the chances upon three, 
the faid expreſſion muſt be cubed, whence 
to get all the chances upon any aſſigned num- 
ber (n) of a dice, we muſt raiſe r Er? 
++ to the n power. Now 
in order to _—_ the chances of any inter- 
mediate number of points, between the leaſt 
n) and the greateſt J, that can be thrown 
with any given number of dice ( 1 three) 
we muſt raiſe r r r, Sc.. r (f 
being ſuppoſed — 8) to the third — 
which being done, and as many terms as are 
neceſſary for our purpoſe ſelected ther efrom, 
will ſtand thus, . 
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7 in this ſeries the ſum of the co-efficients 


of the ſame powers of 7, leſs than 10, is 


equal to 1 +2 +3 +4, &c. continued to as 
many terms as are denoted by the given 
power leſs 2, whence if p be put for any ſuch 
1 1 r, the co- efficient of v will be 


x, Now to find the co- efficient of 


1 any * term when (p) the exponent of 7 
is greater than 10, as for example, the term 
*. The ſum of the ſeveral co-efficients of 


is 6+7+8+7+6+5+4+3-thatis equal LP 


t 14243+4+5+6+7+8+9+10+ 
11+12+13=1Þ2F34+4F5 —2F4+ 
6+8+10, but 14+-24+3 +4, Se. . 13, is 
equal to e, and b2+3+4+5+2. 
+4+6+8410 or 1+2+3+4+5x3i 
equal to - 2+ 1x or (putting 
b —f=0) =x = multiplied by 3, which 


2—2 


ſubtracted Erol = * leaves * 


— the rendinid co-efficient of y, 


== 40 If the co- efficient of any other term 
greater than 16 or 2/ were required, it will, 
by proceeding in the ſame manner, be found 


285 to (putting Pom 2 J = 2 


1 
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=. 
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4x ant 
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EO Ng 
bot 3—2 . 
I 2 | 


I the ſeries r ＋ 4 Ge. be 


raiſed to the fourth power, and the neceſſary 
terms ſelected thereform as before, the co- 
efficient of any term of that power as , or 


the chances for throwing (p) points with 
four dice will (putting pc, e 


) be found equal to 


Which being the very ſame expreſſion as was 


determined by the former method, it follows 
that the ſame general rule would reſult from 
this inveſti gation as before, and therefore 
need not be here repeated. 


Example I. 


Let it be required to find how many chan- 
ces there are for throwing 16 points preciſe- 
| - ä 
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whence. 
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ly, with four common dice. Here p = 16, 


n=4, f=0, p—f=10, p—2f=4, 


_ whence Px Xx — NK XTXATI XTX x 


6— 125, the chances required. 
Example II. 


Let it be required to find the chances for 
throwing 27 points preciſely, with ſix dice. 


. A, / =>0;. . i 


bn —_ * ==—- 93024 
Leere {XL==T 30030 
Lo EXIXIXIXIXTXINE = — 1120 


and 1666 the pamber of chances ſought. 


Note, As all the points equally diſtant from 


: the extremes, that is from the leaſt and great- 


eſt number of points that can be thrown with 
the propoſed dice, have exactly the ſame 
chances for happening, it will be convenient 


if the given number of points be nearer the 
greater extreme than to the leſs, to uſe in- 


ſtead thereof that number which is as far diſ- 
tant from the leſſer extreme, as the given 
one is from the greater. 


Example III. 5 
How many chances are there to have 50 
points preciſely, on nine dice. Here 13 be- 
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ing as much above 9 the leſſer extreme, as 


50 is exceeded by 54 the greater extreme, we 
have p=13, "= 0; /==9, a 7, FOES 
therefore Þ x XZ XxX N  xIxXf mm £x 
£XEX3xX2-X2x2, or 12761 is the number re- 
quired. If this number be divided by 6 raifed 


to the ninth power, vis. 10077696, the quo- 


tient +75 fſhews the probability of 


1007769 26 
throwing in one caſt with nine dice 50 points 


preciſely, n the odds as 788 5 to 1 "OF 
near. 6 

The chances for (6) or a greater number 
of points in one throw with () dice, may be 
found by collecting together the reſpective 
chances for throwing preciſely p— 1 and all 


its inferior points down to (#), and ſubtract- 


ing their ſum from Now the ſum of 
all the chances for p 1, p—2, p—3, Se. 
down to (2) incluſive, is equal to i nom 


= x (mn) © ; 6 | 5 
= KD (n) n „ 
+= = (n) into nx 

* = = (#) into 1 „ 
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= (a) into 0x K f n 
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Which ſubtracted from /e leaves the num- 


ber of chances for (p) or a greater number 
of points. 


Example IV. 


What are the odds that in one throw with 
ſix dice there ſhall come up 15 points, or a 


greater number? Here 26, p—15, a=9g, 


3, theſe being ſubſtituted in the general 
expreſſion, 1t becomes equal to 405, the 
number of chances by which 14 points and 
all its inferior numbers may happen, this 
taken from 6 46 56. leaves 4625 1, whence 
the odds as 114. to 1. 


PROBLEM XLVI. 


Fo find the probability of throwing pre- 
ciſely two faces of one ſort, and three faces 
of another ſort, in one throw with five com- 
mon dice. : 
SOLUTION, 
| Imagine the dice to be thrown ſingly, then 


as the required probability cannot be any 
ways affected by e the firſt throw 


may happen to be, will expreſs the pro- 


bability of throwing FE faces of one ſort, 

and two of another ſort, in five throws with 

A lingle die, but under ſuch reſtriction, that 
the 
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the faces of that ſort which may happen to 
be thrown firſt, do come up ſucceſſively, 


5 . G 5 1 | 
therefore * being divided by I x2, viz. the 


changes that can be made with two quanti- 
ties, gives 35 for the probability of throwing 
the required faces, but according to ſome 


aſſigned order, ſuppoſe that in which they 
are propoſed 1 in the problem. Now by Pro- 


blem III. it appears that the probability of tak- 0 


ing 5 things, conſiſting of 3 of one ſort, and 
2 of another, in . ſame order in which they 


are wrote, Is - Fa, „ therefore £23 == 1s the num- 


ber of different orders in which they can be 


* f 


taken, and conſequently -? N the pro- 


bability of throwing three PU of one fn. _ 


and two of another, in five throws, but up- 


on this ſuppoſition, that the faces of each ©© 4 4 
ſort are conſtantly thrown with the ſane 
dice; now as the number of faces of each 1 
ſort that are to be thrown are unequal, thoſe 


dice with which the two faces of one ſort are 


ſuppoſed to be thrown, might have changed 


with two of thoſe with which the three faces 


may be thrown of the other ſort, ſo that the 


above found probability 15 > x 2 bl is but = the 
EO required, 


4 
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required, therefore being multiplied by 2 
gives the probability ſought, equal 3 


* | 


PROBLEM XLVIL 


Let there be a fold * baving (m) amilar 

and equal faces, and thoſe faces numbered 
progreſſively 1, 2, 3, 4, c. it is required to 
find the probability of throwing preciſely (p) 
faces of one ſort, (J) of another, (7) of a 
third, (5) of a fourth, Ge. in one throw with 
a en number (8) of ſuch dice. 


SOLUTION. 


put R * the number of ſorts of * P 
for as many of thoſe ſorts as are denoted by 


unequal quantities. Now by ſuppoſing the 


dice thrown ſingly, we have Ex 1 —2 


4 EW 


7c. (R) for the probability of throwing. pre- 
0 y (p) faces of one ſort, () of another 
ſort, (7) of a third, (s) of a fourth, &c. but 
in ſuch manner, that the aſſigned number of 
faces of each fort may come up ſucceſſively, 
without the interpoſition of any other fort 
until that number be compleated; and as 
this probability i is not any ways influenced 
* the order in which wy muy happen to 


ariſe, 


, . 
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ariſe, it follows that the quotient of „ * — = — 


M—2, 


Se. (R) divided by 1, 2, 3, 4, Ge. (Ry 


will b the probability of throwing the af- 
ſigned number of each ſort of faces in ſome 
determinate order, as ſuppoſe that in which 
they are propoſed, viz. (p) firſt, ( next, 
Sc. and by Problem III. we have 
1,2, 3, Cc. (2) into 1, 2, 3, Oe. (r) i into 1,2,3, &c. 1. 2 
SN rA e TIT 
for the probability of their being thrown 
in that order, conſequently - | 
Sn c. — 


15 2, 3; Oc. (9) into 1, 2, "3, Oc. {7 into . 2, 3 . (49 Oc. 


expreſſes the number of variations that can be 
made with the quantities p, 9, T, s, 2 


2 , Gr. (R) 


multiplied by 
l, 2, 3» 122 1 
8 * S 1 Se. 18-9 & 
T 2 5, Oc: (9) Mato 1, L 3. &c. (r) into 1, 2, 3 Vc. * 
is the probability of ſucceeding, under this 
reſtriction, vi2. that the faces of each are 
conſtantly thrown with the ſame dice, but 
as the ſeveral parcels of dice p, 9, r, 5, Ge. 
(where the number of each is unequal) may 
mutually change among themſelves, it fol- 
lows that the laſt mentioned probability mult 
be repeated as often as there are changes to 
be made by the unequal quantities , 9 5 55 
wo © 3 Ec. 
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Sc. that Rx NIX R—2 * Rz, &c. (P) » 


YI to give the probability required equal to 


n | 8 
* , Cc. (R) 3 S 
ME 1, 2, 3, 4, 5» . (R) 1 25 3s Oc. (2). X 


Cr df 833, Oc. (S—p). 
„ 3s Ic (7)X1, 2, 3» fc, (5) &c. X Rx R x 


R—2, Sc ? (P). 
Example I. 


Required the probability of throwin g pre- 
eiſely two faces of one ſort, three faces of ano- 
ther ſort, in one throw with ſeven common 
dice. Here m==b, S =/, fp==2, qz=3, r=1, 


==1, R==4, and Pra: whence the re- 


quired probability 1s is K x4 :* 1X 58 543% 


1.2.1. 1.3 
4-3 753600 


12.34 2 275575 O 72 2 
Example II. 


What is the probability of throwing pre- 
ciſely four faces of ſome one ſort, in one 
throw with ſix common dice. Here m—6, 
Sb, P=4, =I, rl, Ray, Ps, 
the probability required = e Or 2255 

Example III. 

It is required to find the probability of 

throwing three or a greater number of faces, 

of ſome one ſort, in five throws with a ſingle 
die. The probability of bringing up a dif- 
ferent 
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ferent face each throw is 555 which ſubtract- . 


ed from unity leaves +2, that of bringing up 


two faces or more of ſome one ſort, and again 


ſubtracting the probability for throwing pre- 
ciſely two faces of one fort, viz. , the re- 
mainder ++ or 4, is the probability required. 


PROBLEM XLVII. 


Any number (1) of letters, a, b, c, d, e, f. 
g, &c, or things repreſented by them, being 


placed according to the order or rank they 


obtain in the alphabet, and afterwards taken 


one by one as it happens; to find the proba- 
_ bility that of thoſe letters ſome aſſigned ones 
| ſhall be found in their proper places, and that 
others of them ſhall be diſplaced. 


SOLUTION, 


Suppoſe the given letters to be a, 6, c, d, * 


H and that it were required to find the pro- 
bability that 4, 5 and c, ſhall be drawn out 


of their proper places, without any regard to 
the remaining letters being in or out of 
theirs. The probability that 5 ſhall be taken 


out of its proper place is £, that of a mig 
in its proper place and 5 out of his is & x +, 
which ſubtracted from +, the probability that 


b ſhall be found diſplaced, leaves *, the pro- 


K4 biability 
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bability that both a and 5 ſhall be diſp 11 5 


this is evident, for the probability that þ ſhall 


be taken out of its Proper place without re- 
ſtriction, certainly contains the probability 


whereby @ and 5 may be both diſplaced, to- 


gether with that of - being in its proper place 


and þ diſplaced. Now the probability that 


' and b may be both diſplaced being the very 


ſame as that of any other two letters, it fol- 


los that F+ is alſo the probability of 3 and 


c being drawn out of their proper plaees, 
from which ſubtract the probability of a be- 


ing taken in its wor place, and þ and - 


out of theirs, vg. , the remainder z is 


T 20 


the probability of @, ö, and c, being all three 


| diſplaced. By the ſame way of proceeding 


we may find the probability that any other 
letters, as a, b, c, d, may be all taken out of 
their proper places, by ſubtracting from the 


pr obability laſt found, that of 2 being found 


in its proper place, and at the fame time &, 

c and d out of theirs. But in order to find 
the law of continuation by which the inveſ- 
tigation may become general, let (the other 


things remaining as before) ↄ be the number 


of aſſigned letters to be diſplaced. The pro- 
bability that 4 ſhall be difplaced without any 
reſtriction upon the remaining letters, is 1—, 

that 


De TED of 6 Gas _ | 


| that of a being drawn in its — proper place, 
and þ out of his, i * K Im => this taken 


from 1— leaves 1 — += —, the pro- 


bability that 2 and 5, or any Sher two let- 
ters, ſhall be difplaced. If a 22277 be drawn 
firſt, of which the probability is —, that of 
6 and c being afterwards diſplaced, will be 
1— . which multiplied by 


1 —. 08 2? 


and the product ſubtracted from 12 4 


. 


be both diſplaced without any regard to a 


bein g in or out of its 2 place, leaves 1 — 


- +57 * — 75 — * — the required pro- 
bability, or that of a, b, c, or any other three 


letters being drawn out of their proper places. 
If from this laſt found probability, which is 


alſo that of 5, c, d, happening out of their 
proper places, we ſubtract the probability 


that 4 ſhall happen in its proper place, and 
J, c, d, at the ſame time out of theirs, that! 18, 
e e 3 


; 


4 


* 


che remainder 1 — + E 


1 


dies the probability that 
a, b, c, a, Or AF other four letters all all 


happen 


vis. the probability that 5 and c al 


* 55 3 
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happen out of their proper places. From 
hence the law of continuation is manifeſt, 
the numerators being the unciæ of the ( 


power of a binomial, and the denominators, 


1. 7, ni, NH Xn—1X#—2, 1X i X #—2 X 


=—3, and therefore the probability that (p 


aſſigned letters ſhall all be taken out of their 
proper 1 iS 1— 29 x— PNY N 


= X — —_— 


SEE NED 0 (p41). The pro 


1 X n—1 X — = merely 


babihty that any aſſigned letters a, 6, c. d, &c. 


whoſe number 1s (q) ſhall fall in their proper 


places i 1 — — — — (a) (Problem I.) 5 
vherefore the probability that ſ) aſſigned let- 


ters ſhall be taken out, and () other aſſign- 
ed ones in their proper places, will (by writ- 
ing 1 —9 for 1 in the former probability) 


1 


be _ Haig X N= Viet 1 


K* 


—7 — »=q X n—g—1 X —7—2 


Corollary I. 
If p+9g—n, the 7 mentioned proba- 
bility becomes *. * =D into 1— 


e (1—g+ 1) equal to 2 


FEY 
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1 1854 367867 
into 2325 or un X ,—x X 


) by taking only fix terms of the 
AD 


Corollary II. 
17 a given number a) of letters be to be 


taken in their proper places, and the reſt out 
of theirs, then the probability of taking (9 
aſſigned ones in their N places, and the 


reſt otherwiſe, being - 2 15 CE 04 


I + i— + — (:—q+1)it follows, that as 
often as (q) things can be taken or combined 


in (), that is xx (9) juſt ſo often 


— into 1 


muſt the aforeſaid probability be repeated to 


—3 
4 ö 
5367857 


give the true value, hence „* * X 
36786079 


5 2 * 75 — Xx X n—3 (2) or its equal; +2.3-4+5(g) 


15 the pr obability required, very near ly. 
PROB L E M XLIX. 
To find the probability of an event hap- 


pening a given number of times (p) without 


intermiſſion, in a given number (n) of trials, 


not exceeding 2 p. 


| SoLvuUTION. 
Suppoſe it were required to find the. pro- 


Ne that the Po event ſhall happen 


three 
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three times ſucceſſively i in ſix trials, the chan- 


ces for its happening and failing in each trial 


being (a) and (6) reſpectively It is evident 
that if the event happens three times deer 

7 94 in fix trials it muſt be either the 15, 24, 
1 „ 2d, pay , be 4", gh, or 4d, va, 6th, and | 


alſo that the trial preceding next to the 20% 


the 3, or 4, muſt fail. Now let the given 


number of trials be wrote down as in the table 


here annexed, wherein the third column con- 
tains thoſe trials in which the event muſt 
neceſſarily happen, the ſecond thoſe in which 
it muſt neceſſarily fail, and the firſt column 
contains thoſe trials in which it is mdifferent 
whether the event happens or fails, the quan- 
tities in the fourth column are the corre- 
ſponding probabilities to the trials in the other 
colunms, as the probability of en parry; 


a 3 


three times ſucceſſively is == « (making 


a+b=—04) that of failing the frft trial, and 
happening the ſecond, third, and fourth, 


25 x5; and ſo of the others. The ſam of 
aab+2abb+63 


theſe, viz. LAS — e 


1 into 5, or 1+1+1x- I is the pro- 


a required, equal to 7 — 4 X - 2 EX 
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vided it be not greater ban 2 P. 
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Bxample 1. 


Let it be required to find the probability 


of throwing a propoſed chance 5 times with- 
out intermiſſion in 9 trials, when the odds 
for its happening at ” aſſigned trial is as 


2 to 1, then a=2, B=, P· . 29. 
and N T 344. 


Example 


755 N being the given number of trials Pro- 
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J 

What i is the probability of throwing with 
a ſingle die the ace 7 times ſucceſſively in 11 
trials. Here a=1, b=5, p=7, n=11, 
* 347 is the probability required. 


PROBLE M L. 
To find the probability that a propoſed 


event ſhall happen (2) times ſucceſſively, 


once or oftener, in a Siven number (n) of _ 


trials. 
SOLUTION. 


Teti it be required to find the probability of 
winning 3 times ſucceſſively in trials, fuppoſle 
the probability of winning 3 times ſucceſſively 
to be denoted by e, that of failing any aſſigned 
trial by /, put Fe y, then the probability 
of ſucceeding in fix trials is e+ 35, by the 
laſt problem, but the propoſed event (vi. 
that of winning 3 times ſucceſſively) may 
happen twice in 7 trials, for it may happen 
in the firſt three, and again in the laſt four. 
The probability that the event may take place 


in the firſt three trials, is included in e+3y, 


therefore = x y, the probability that the 
event fails during the firſt three trials, and 
happens in the laſt four, being added to the 


former, gives e Ty 4 y —ev, the probabihty of 
winning 
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winning three times ſucceſſively, once or 


oftener, in 7 trials. Let the number of trials 
be 8. Now if the event happens twice in 8 


trials, it muſt be during the firſt 4 trials, and 


alſo in the laſt 4, but the probability of its 
happening during the firſt 4, is included in 
e+4y—ey, therefore i x , which is 
the probability of its failing in the firſt 4 
trials, and happening in the laſt 4, being 
added to e＋4 y — ey gives e+5y—z2ey 
— y y the probability required, and the ſame 
method is to be obſerved for any other given 
number of trials. But to render this inveſ- 
tigation more general, let us take 22 25 
I, that is, for 3 write p, and for 7 write 
+1, then the probability of the event hap- 
pening once or oftener in 7 trials, will be 
expreſſed by e Fi xy —ey, in 8 trials, or 
2p +2, bye FT ZXY 26-5, as de- 
termined above. Let 2p 3, if the 
event happens twice in theſe trials it muſt be 
during the firſt p + 2, and laſt p+1 trials, 
but the probability of its happening during 
the firſt 2 -＋ 2 trials, is included in that of 
its its happening in 2p 2 trials, wherefore 
1—2=27xy, the probability of its failing in 
| the firſt p+2 trials, and happening in the 
"PTY being added to e+zF2.xy—2ey 
— = 
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yy gives A=; 5 37%, the 
probability that the event happens once or 
oftener in 25 ＋3 trials. It may be proper 


here to obſerve, that the quantities with the 


affirmative ſigns in each of the foregoing pro- 
babilities, as e4-JFixy in the firſt; e. 
=* in the ſecond, and E in the 


* — IF: 


third, are each equal to n—p x — + 1x5 
or xy e (determined by the laſt pro- 
blem) without any reſtriction upon the value 
of (n), therefore e. 2 ey+33, 3 e3+337 
are the quantities that muſt be reſpectively 
ſubtracted from. thoſe to give the probability 
required. Upon theſe principles the followin 5 
table was conſtructed, wherein the firſt co- 
lumn towards the left hand ſhews the quan- 
tities that are to be ſubtracted, and the ſecond. 
column the given number of trials. Now 
by inſpecting this table the law of continua- 
tion will become manifeſt, for (u being the 
given number of trials, z—2p x ey will expreſs. 
the ſum of all the e y's as far as are neceflary, 
thoſe quantities not taking place until after. 


25 trials, for which. reaſon cyphers are placed 
in the firſt column againſt the trials in the 


ſecond column, leſs than 2p +1.. The ſum. 


of all the JJ's is = N, for 
they 
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they form an arithmetical progreſſion, whoſe 
firſt term is o, common difference 1, and 
number of terms - 2 p. The ſum of the 
5s is n—3px N N, and in 
like manner may the reſpective ſums of the 
other quantities as , y*, ey*, Sc. be obtain- 
ed, therefore if A, B, C, D, &c. be put for 
2 þ, 1—35, 1—4 5p, Hmm p, Sc. we ſhall 
_— * the er _ viz. Axe y 
A CT C—2 

. 
x y ID — e, EIN — e 
x y*, Sc. which being ſubtracted from = 2 * 
2 +1x72, or its equal z—z x y +e gives the 
probabulity that the propoſed event may hap- 
pen once, at leaſt, in ( trials. 
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Example I. 
What is the probability of throwing a pro- 


poſed chance three times without intermiſ- 
fion, in ten trials, once or oftener, when the 


odds for its happening in any aſſigned trial, is 
as 2 to 1. Here 2 =, 3 1 d==3; 


þ=3, whence g x + 1x; F == and 
again Cn FO B=1, , y there- 
fore Axey+A x = Xx y = 335, which 
being ſubtracted from 12 leaves 525 for the 
Probability in this caſe. 
© Example II. 
In twenty throws with a ſingle die, what 
is the probability that the ace comes up eight 
times ſucceſlively. Here a==1, _ 5, _— 
4=6, p= 8, therefore -N + + 1 * 77 
=57 735 e and A being in this caſe == 
ed, Yz, We have Axey+ Ax = 
xX ) y = ,000000000003, which ſubtracted 
from the former, leaves the probability requir- 
ed equal to 5757272225555 nearly. 
Example II. | 
In one hundred throws with a ſingle die, 
what is the odds that the ace does not come 


up five times ſucceſſively. In this caſe az=1, 
L 2 1 
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8. 1 "no. 4 = 65 22 5, whence 
n—þ x — -+ I * 75 - becomes © -, and our ſeries 


G6*> 6 3 
Axey LA 2 8 77 525 — * eyq, Sc. 
er nearly, which ſubtracted from 
leaves. 0102612 52, and this taken from 


255 9 
1, leaves the probability required equal to 
989738748, therefore the required odds will 
be as 98973, &c. to 201991208 or as 98 
to 1 nearly. 

Note, The ſolution to this example i is ex- 
hibited extremely near the truth by taking 
only three terms of the ſeries; and in all caſes 
where a near approximation is only wanted, 
a few terms of the ſeries will be ſufficient. 
Mr Demoivvre, at page 243 of the ſecond 
edition of his Doctrine of Chances, gives (but 
without the inveſtigation) the following me- 
thod of ſolving the foregoing problem. 

Let the probability of mg, A in any one 


af igned trial be W by — =» that of . 


the contrary by = , ſuppoſe (n) to repreſent 


the number of ial given, and (y) the num- 
94; of times to be won ſucceſſively, put x 


—_ take the quotient of unity divided by I 


— —  — — 2 X - * - πͥͥ - * — 
1 
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a*x"......0"x", and having taken as many 
terms of the ſeries reſulting from that divi- 
fion, as there are units in »—p+1, multiply 


the ſum of the whole by —_ or by Ar- and 


that panel will expreſs the probukality re- 


quired. 
| Example 1 


Let it be required to find the probability 
of throwing any aſſigned chance three times 
together, in ten trials, when (a) and ) are 
in a ratio of equality, otherwiie when each 
of them is equal to unity, then having di- 
vided 1 by 1 —x—x* x the quotient con- 
tinued to ſo many terms as there are units in 
up, that is, in this caſe to 103+ 

1—8 will be TE T z XX EATX 
& ＋E 13x n ＋44 x, where, x being 
: PN by = which is in this example 


: the ſeries will become 1 ++ +3 +4 & 
2 f -++_ of which the ſum 1s 


ay xÞ 


, and this being multiplied by 


that is, in this caſe, by +, the product will 
be e, and therefore it is ſomething more 

than equal probability, the aſſigned chance 
will be thrown three times together, ſome 


time in ten trials, the odds being 65 to 63. 
Ir Example 
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Example II. 
What! is the probability that in ſix throws 
with a ſingle die the ace ſhall come b four 


times ſucceſſively. In this caſe a=1, 5, 
n b, þ = 4, whence, according to Mr De- 


morure's preſcription, take the three firſt terms 


of the quotient aciing by dividing unity by 
1 *-* — * —X*, vis. IK ＋ 2 & &, 
in which for x write its value 3, gives %, 
this multiplied by +; produces S, the 
probability required. If the ſolution to this 
example had been derived from our method, 
the anſwer would have been , which dif- 
fers from the former by +++. But to find 
the reaſon why theſe two methods do not 

agree, let us apply Mr Demorvre's theorem to 
the ſolution of another example or two. 

Example III. 


n the probability of winning three 
times ſucceſſively in ſix trials, the chances for 
winning at any aſſigned trial being 2, for 
. 1. Here 4 2, b—1, p=3, x=}, 
and n — Eb, whence, dividing unity by 1—x _ 
—2X — 4x, and taking n—p+1, or 4 
terms of the quotient, v/z. ITX + 3 xx + 
9, equal to 1+; +3 ＋ 27, and multi- 


plying the ſum * . or => gives 25, the 
| proba- 
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probability ſought, and is the very ſame as 
would come out by the method uſed m the 
ſolution of Problem XLIX. Let us now ſup- 
poſe b== 5, the other quantities remaining 
as in the example. Now it is very evident, 
that only the value of x is influenced by this 
alteration, which in this caſe is , therefore 
the quotient of the diviſion, and the number 
of terms thereof, that muſt be taken, remain 
the very ſame as above, whence x in the quo- 
tient 1 +x+3xx +9 x}, being interpreted 
by F, we have I +446 +5, which 
multiphed by , gives +723; for the pro- 
| bability required. By our method the pro- 
bability is 27, which is leſs 1 the for- 


mer by f The multiplier = = ==» being 
common to both theorems, it ſhould follow, 


that Hf * = +1, and 1 +x+3x#4+9 
x*, are equal in each other; but that this is 


impoſſible when (6) is greater than unity, 18 
ſo evident i it needs no illuſtration. 


Example IV. 


To find the probability of an event hap- 
pening three times ſucceſſively, in five trials, 
the chances for happening in any aſſigned 

trial being denoted by (a, thoſe tor W 
L 4 1 
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by (b). Here if we divide unity by 1— 4 
Da -a Ax x x, the quotient will be 1 K 


+a+1 x +a 1 aa+3Ja+1l 
* 422 +6aa+4a+1 x*, Sc. which ex- 
' preſſion is rather more general than any of 
thoſe deduced from the foregoing diviſions, 


and ſerves for any value of (a). Now I 

+ Fi x X x Jo is the required probability, 
and by our method the probability of win- 

ning three times ſucceſſively, in five trials, is 


8 ; „therefore if both methods . 


gree, IX TN xx ſhould be equal to 


2 + 1, for x __ its value I we get 
1 +55 + Et = — 15 34 1, this equation 
properly reduced gives a or l. 
Wherefore as the value of (6) mult always 
be unity, it follows, that in order to have a 
true ſolution by Mr Demorvr-'s method, the 
value of (/ in the ratio of the chances for 
happening or failing muſt be changed into 
unity. Of this take an example: Let it be 
required to find the probability of throwing 
with a ſingle die, the ace three times ſucceſ- 
ſively, in ſeven throws. Here the chances 
for failing in any one trial being 5, and for 
happen- 
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happening only 1, we muſt make a= „5 
wherefore taking the firſt five terms of the 


quotient of unity divided by i — x — a x* 
— a* x*, Sc. and interpreting (a) by +, (x) 
by 5, we ſhall have 1 ++ + +++ + +5383 
or, which multiphed by {gives $353 
the required probability, the very ſame as 
would reſult from our method of ſolution : 
hence we may infer, that in order to have a 
true ſolution by Mr Demoivrès method, if ( 2 


is not given equal to unity in the queſtion, it 
muſt be reduced to it, ws taking — for a, 


whence x will become , theſe ech 


being made, that gentleman' s method will 


always ſucceed. 
PROBLEM LI. 


Three gameſters, A, B, and C, enter into 


play together, and they agree that he ſhall 
be reputed the winner who firſt beats the 


other two ſucceſſively ; alio that A and B 
ſhall begin the play, and the loſer ſhall yield 


his place to the third man, which is conſtant- 


ly to be obſerved tterwards; it 1s required 
to find the value of f their reſpective expecta- 


tions, 1 each mary had ſtaked one 
guinea. 


Sor br 
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SOLUTION. 


Firſt, it is evident that the probability of 
the play continuing for more than two games, 
depends upon that of the gameſters beating 
each other alternately. Secondly, that be- 
cauſe A and B are to begin the play, their 
expectations will be exactly alike, and it mat- 
ters not with regard to C, which of them 
ſhall happen to win the firſt game. Third- 
ly, that if C beats them both, it muſt be at 
the end of either the third, ſixth, ninth, 
twelfth, c. games: theſe things premiſed, it 
will be eaſily ſeen that C's probability of re- 
ceiving the money depoſited, at the end of 
any aſſigned (poſſible) number of games, is 
compounded of the probability that C ſhall | 
win the two laſt of thoſe games, and that 
neither A, B or C ſhall have won two games 
ſucceſſively before. A's probability of win- 
ning the firſt game is , that of C's getting 
the two next , whence x is the probabi- 
lity that both thoſe events may happen. But 
H B had won the firſt game, ſtill C's proba- 
| bility would have been the fame, vis. X 2, 
conſequently x + -x or + is C's total 
probability of winning the ſet, at the end of 
three games, and by the ſame way of reaſon- 


ng, if we ſuppoſe the play will end in fix 
games, 
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games, and not before his probability will 
be found equal to , now if z be put for 
the number of games at the end of which 


the ſet will be ended in favour of him, we 


ſhall have +3 x 5, his required probability 
in that caſe, wherefore by writing 3, 6, 9, 
12, &c. ſucceſſively for a, we get this pro- 
greſſion + + + IEG I +, Sc. in inſini- 
tum, whoſe ſum 1 18 C's total probability 
for winning the ſum depoſited, which ſub- 
tracted from _ and the remainder divided 
by 2, gives - for A or B's probability, each 
of theſe probabilities being multiplied by the 
ſum depoſited, gives the value of their reſpec- 


tive expectations, in this caſe, 11. 2s. 6d. 11. 


25. 64, and 18s. for A, B, and C. 


If the law of the play had been ſuch that 


each perſon when he yields his place ta the 
next man ſhould be fined a certain ſum . 


which ſhall ſerve to increaſe the common 


ſtock, and the winner to have the whole ſum 
depoſited, then, the other parts remaining as 
before, the inveſtigation will be as follows. 
It $5 ey by the preceding operation that 
23x is C's probability for winning the 
ſet at the end of » games, but at the end of 


thoſe games he will be intitled to 3 {the ſuni 


depoſited at firſt) more np, wher efor e it for 
we 
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2 we put y, and for the numerical quantities 
3, 6, 9, 12, Sc. write 7, the total expectation 


of C will be y*x3+ 3p +5" x 3 +6p +5" 


X3 3+9p+1"x35 +126, Sc. or 35 +34 
+37 ＋3 t 39% &c.+ 3p} +6py+ 
opy +12py" "+1529, &c. The firſt of 
theſe ſeries is a geometrical mr whoſe © 


ſum by the common methods is = x 3: 
But to find the ag of the other, "gp * +5" 
+ +5", Sc. = be wrote down, then | 
by taking the fluxion of each fide the equa- 
tion, we ſhall have 395*;+6y;z9y 35+ 12 
3, Cc. 3 7 whenceby ſtrik- 


— 
ing out on each ſide the equation, and mul- 
tiplying the whole by p, the ſecond part of 
C's expectation will be 3 py*+6py*+9gpy 


ne a7 © 
+ 12py , Sc. == = jo this add 


the former part 2 3 the ſam =— * 1+p + 


5 


8 = x 3 p, is the required . en 


Now to find A's expectation, let us ſuppoſe 
that he gets the firſt game, then it is evident 
that if he wins the ſet afterwards, it muſt be 
at the end of either the ſecond, fifth, eighth, 
Sc. games. But if he is * to loſe the 

firſt 
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firſt game, and afterwards to win the ſet, it 
muſt be at the end of either the fourth, 
ſeventh, tenth, &c. games, wherefore y being 
put for + as before, we have y*x 3 + 2p + 
 Ix3+5f+#" x3 +84, Se. x 3-+4þ 

TT X3+10þ, Sc. or by 
ſumming the ſeries 2273 L I4fI/ XL abs 


er 
” 3027 F — = , for A's required expectation, 
I —y3 | 


which is alſo B's, hence by reſtoring the va- 
lue of 05 their reſpective expectations become 


14 IT 7 OT HO +33 +7 
Corollary. 


I the common ſtake were conſtant, that 
is, if there were no fines, then if that con- 
ſtant ſtake were called 9, their W 


would by === = ＋ X 7 1 x * 9, = 1 XG re- 


ſpectively, png in that caſe Pk o, and 
the ſum of all the money depoſited equal 
to 
if computation of their ſeveral riſks, or 
the ſum of the probabilities of being fined, 
together with the value of their ſeveral gains 
thereon depending, may, by a due conſidera- 
tion of what has been here delivered, be very 
eaſily inveſtigated, And if there are four, or 
; 2 
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a greater number of gameſters, playing to- 
gether upon the ſame terms as in the pro- 
blem, the ſolution might be obtained much 
after the ſame manner; it might perhaps be 


attended with * more labour, be- 
cauſe the number of geometrical progreſſions 


and the other ſeries increaſe with the number 


of players, yet as the method here given would 
with very little alteration find the ſum of any 


ſuch ſeries as could occur, the reader would 


not be at any loſs how to proceed towards a 


ſolution of any caſe of the . whatſo- 


Ever. 


PROBLEM LII. 


A . B, whoſe chances * winning any 


aſſigned game are in the given ratio of 4 to 


b, enter into play on this condition, that A 
at the beginning of every game ſhall ſet the 
ſum c to the ſum 4, and that the play ſhall 


continue as long as A wins ſucceſſively; re- 
quired the gain or advantage of A. 


3 SOLUTION. 

As expectation upon any one game is 
55x = from which ſubtract his ſtake 
leaves . TY, 2 for his gain upon that game, 
but 


but the probability of getting into that cir- 
cumſtance depends upon his winning all the 


foregoing games; wherefore if a repreſent an 
number of games from the beginning of the 
Play, his expectation of gain upon the game 


8 


5 a where- 


s 


will be expreſſed by =—— 


in if for # be taken ſucceſſively the bb 


alle be — 


I 2, 3, 4, 5, Ge. we {hall have --- "74 8 * 


a tt 5p Se. ad infinitum, 


ad- bc Es b 


that is, r * To or —- 7 -c, A's gain re- 


quired. 
P R O B L E M LIII. 


A having he guineas 1n his ha and B 


two, agree to throw up each his own pieces, 


and that he who brings moſt heads upper- 

moſt, ſhall take all five; and they likewiſe 
agree, that if both bring up the ſame num- 
ber of heads, to toſs up again; and ſo to con- 
tinue till it ſhall appear who is the winner. 


Quere the proportion of their reſpective chan 


ces for winning ? 


SOL u- 


L 4 "3 * N tr 1 r. ; „ n IT. 7 * os * 725 = — 2 
e Sn ur 
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: SOLUTION. © 

Let P, P, P', be the reſpective probabilt- 
ties that A has for bringing up 1, 2, 3 heads 
preciſely, in each throw with three pieces, 
bo P,, Pi, thoſe that B has for bringing up ei- 
ther none, one, or two heads preciſely, each 
time he throws up two pieces. Then P xp 
will denote the probability that A ſhall bring 
up one head preciſely, and at the ſame time 
B all tails. Pp the probability that A 
brings up two heads, and at the ſame time 
B all tails. P" xp that of his bringing up 


three heads, and B at the ſame time all tails. 


Thus by collecting together the ſeveral varia- 
tions that can be made in favour of A, we 
ſhall have P +P + P*x3p+PF3-P* xg 
P“, which being multiplied by 1 +y /y_ 
being put for the probability that the play 
continues without limitation) gives A's re- 
quired probability. The probability that B 
brings up one head preciſely, and at the ſame 
time A all tails, is P“, that of his bring- 
ing up two heads, and at the ſame time A 
all tails, is P"xp", to the ſum of theſe two 
probabilities add that of B's bringing up two 
heads, and at the ſame time A preciſely one, 
viz. Pxp”, the ſum P"xp'+P"xp"+P x 
f being multiplied by 1-+-y gives B's requir- 


\ 


De Laws of G 161 


ed probability. The values of P, P. 5 
P, F, are 4, +, T, 2, 2 2 found by Problem 
VII, therefore A's a=. is equal to * 
15, B's equal to 3- X 1+) „ whence the ratio 
of their chances for winning are as 8 to 3, 
and in this proportion muſt the ſum adven- 

tured be divided, conſequently A's expecta- 


tion is worth 31. 16s. 474. B's 1/. 85. 74d. 
PROBLEM 1 


Other things remaining as in the laſt pro- 
blem, ſuppoſe the agreement between the 
players had been ſuch, that if the play does 
not terminate in a certain number of games, 

it ſhall at the end of that number be diſcon- 
tinued, and each adventurer take his own 
money; required their reſpective en, 
ties for nnn. 


SOLUTION. 


| The probability that A brings up preciſely. 
one. head at any aſſigned throw is P, that B 
does the ſame is p, their product, or the pro- 
bability that both thoſe events happen is Px 

P A's probability for bringing up two heads 
preciſely, is P., B's is p", their product P. 
2. The probability that all the five pieces 
ſhall come up tails, is P” x P. therefore the 
M prove 
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probability that the play does not terminate 
at any aſſigned throw, is P xp'+P'x $ + 


P“, which put equal to d, and for r 
P'+Phxp+ÞP+Pxp"+ P“ X , and P“ 
„ pP“ Px, which are the reſpec- 
tive probabilities that A and B have for win- 
ning at any aſſigned throw, put a, and 6, let 
n repreſent the number of games or throws, 
beyond which (by their agreement) the play 
is not to be continued, then a+ da+d*a_ 
. 3 d'—' a, and b+bd+d'6 
e &c......4—* 6, or by in up 
the progreſſions =" x a, and = * B, are 


their reſpective probabilities of winning the 
ſum played for. 


Corollary | Os 


i 7 18 ſuppoſed infinite, or the play to con- 
tinue without limitation, then 4 becomes 
infinitely ſmall, and conſequently may be re- 
jected as an. whence n s$ proba- 


| bility in that caſe is — x a, B's — X b, and 


hence the value of % . was put for the 
| probability of the play continuing without 
limitation, in the laſt problem, becomes 


| known, it being equal to re ugg 


Sc. in info tum, equal t to — 


Cirollary 
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. Corollary II. 


The probability that the hy does not ter- 
minate at the expiration of (n) games, being 


n+ 
— 5 it is evident that A's expectation 


Ad +1 | a 44 2 
— 1 —x 3 and BS 2, 
whence their total expectations are ="x5a 


dd Ind „ d- d. 
177 . 


x 2, reſpectively. 
PRO BLE M LV. 


A and B playing together upon the ſame 
conditions as in the laſt problem; it is re- 
quired to find their reſpective probabilities 
for winning the ſum adventured, ſuppoſing 
A has land and B (n) guineas. 


SOLUTION, 


_ . "The: probability of bringing up rrecifly 


p heads, in one throw with (n pieces, is 


I into NEN, Se. , = ” 
— — 


| 2 m | 
hat of bringing up a leſs number of heads 
than (v) in one throw with () pieces, is 


M 2 1+ 
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1 1 * Se. to (p 2 number of terms 


— 


Now by taking P, ſucceſſively wa to 1, 2, 
3, 4, 5, &c....m, and multiplying the ſeries 


thence reſulting together, we ſhall have A's 
probability for winning (the ſum played for) 


at any aſſigned throw, equal to 


mn 57 1 In N I EEE 

2 n 
ME rr mt men e 
| | 2 mn | | 


Sc. wherein if 2 be wrote for , and vice 


ver/a, the ſaid expreſſion will denote B's. Let 


the probabilities thus determined be called E, 


and F, reſpectively, and put 8 for the pro- 


bability that the play does not terminate at 


the end of any one throw or game (equal to 


n + mx x 


1X; Xx, &c. continued to as many terms 


as there are units plus 1, in the leaſt of the 
given quantities m, 7, and on whole divided 


by 271). Then will = ” XE, and „ 


1—8 


F, be their required e for v winning 
the ſum adventured, at or before the expira- 
tion of %) games. 


Corillas * 


88A 
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Corollary I. 


The probability that the play terminates 
not at the end of (y games nor before, is 


22 . the values of their expec- 


tations, before they begin to play, are re- 
ſpectively equal to =_ x Exm+ n+ 


—8 952 8 —— 
* and FR 
8. 

r 


= I L 


If 72 be very great or infinite, as there 
can then be but very little or no probability 
of their withdrawing their ſtakes, or the play 
terminating before one of them has won the 

others money, it , that the two laſt 


” expreſſions will become = x . * mn , and 


XFX. 
| PROBLEM LVI. 


To determine at the game of whiſt, thi 
probability that the dealer and his partner 
have between them the four honours, 


M 3 SoL vu. 


* e 
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SOLUTION. 


The Aer being by the law of the game 
certain of having one trump, the e 
of that trump being an honour is , becauſe 
there are 16 cards in his favour, and 36 a- 
gainſt him. But if the trump turned up 


ſhould happen to be an honour, their pro- 


bability of having the other three, will be 


the ſame as that of taking 3 aſſigned cards 


in 25, from a pack conſiſting of 51 cards, 
which, by Problem XXXVI, will be found 


equal to 52-7 wherefore the n that 


both theſe ſhall happen, is . x f. But if 


8 3 3 


the dealer ſhould happen not to turn up an 


honour, of which the probability is 2, then 


their probability of having between them all 


the four honours, will be the ſame as that of 
having 4 aſſigned cards in 25, taken from a 


pack conſiſting of 51 cards, which probabi- _ 
lity is, by Problem XXX VI, equal to 


CEL #? 


whence , being multiplied by ,, gives 
their probability of having the four hon- 
ours, when the card turned up 1s not an 


honour, and conſequently r* #- + #57 


x , is their total probability of having be- 
tween them the four honours, equal to 15865. 
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PROBLEM LVIL 


A and B enter into play together with a 
pair of common dice, upon theſe conditions, 
thatif A happens to bring up the ſame chance 
both the firſt and ſecond throw, he wins the 
game; otherwiſe, A takes the chance firſt 
thrown, B the next, and he to be reputed _ 
the winner whoſe chance ſhall happen firſt 
to ariſe ; from hence it is required to find 
their reſpective probabulyes for an the 


game, 
SOLUTION. 


It is evident that the difference of has re- 


quired probabilities i is equal to the probabi- 
lity of throwing the ſame chance twice ſuc- 
ceſſively, for if that circumſtance be ſuppoſed 
omitted, they then play upon equality of 
chance, and therefore each of their probabi- 
lities is equal to +, conſequently, the proba- 
bility for throwing the ſame chance twice 
ſucceſſively, being divided by 2, and the quo- 
tient added to +, the ſum will give A's pro- 
ability for winning the game. The proba- 
bility for e the chance II. twice ſuc- 
ceſſively, is =; X . that for OY the 
chance III. twice ſucceſſively, is £; , and 
proceeding i in this manner with the remain- 
M 0 mn 
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ing chances, we ſhall have the probability = 
throwing the ſame chance twice ſucceſſively, 


v1. 35s +53 +igs +itts +i33iÞ | 


. 


32573, equal to 55, which divided by 2, 
and the quotient added to +, gives 72, AS. 


1 29 697 


probability required, whence B's is 2 


1158 


PROBLEM LVIH. 


A perſon undertakes to throw with a pair 
of common dice, the chance VII. before any 
other ſhall come up twice; required his pro- 
polity of doing It. 


. 


Soppdi: the firſt throw (which may be 
any of the chances upon the dice except VII. B 
to be II, the probability of producing VII. 
before II. is 5, which multiplied by the pro- 


bability of throwing II. the firſt throw, gives 


1; 5 — Suppoſe III. the chance firſt thrown, 


the probability of producing VII. before III. 
is 4 or 2, which multiplied by the e v0 
lity of throwing III. the firſt throw gives n, 
whence x r is that part of the required 
probability depending upon the firſt throw _ 
being either II. or III. Proceeding in this 

manner with the remaining chances, we ſhall 


have 
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; have = 7 ＋ 2 + + ++ ＋ +2 * + = TELL for 
the probability ſought. WE 


PROBLEM LIX. 


'To find at the game of hazard, the pro- 

bability of the ſetter for winning the ſum de- 
poſited, upon all the * of main 

and chance. 


SOLUTION. 


In order to facilitate the operation, I have 
in the table annexed, inſerted the ſcheme of 
the game, 


5 
Mains 


| for | 
| the | | EF 
Setter The Caſter | T he Setter 


| wins the Rake, wins the ſtake. 
| 


v. | v. H 
VI. | VI x0. [XE LE I 
{ Vil. vn. XI. XII. . Ot 
VIII. VIII. XII. XI. II. II. 
EK. ⁵ĩ X.. XII 

= 


| Throws next following. 


Chances. Chances. 


e 
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Let us firſt ſuppoſe VII. to be the main, 


then the caſter before he begins to throw, 
has eight chances for the whole ſum depoſit- 


5 ed, that is, he has eight chances for VII. and 


XI, either of which intitles him to that ſum, 
four chances for nothing, viz. thoſe for II. 
III. XII. fix chances for + of the ſtakes, 
namely, thoſe for IV. and X. eight for + there- 
of, thoſe for V. and IX. and ten chances for 
VI. and VIII. theſe laſt intitle him to r of 
the ſtakes, whence if the ſum depoſited be 
8, the caſter's expectation thereon will be 


R 8, and therefore his 


required probability of winning the whole 
ſum depoſited is ++, which being taken 


| 4959 
from unity leaves for the ſetters. 


Suppoſe VI. or VIII. to be the main, then 
the chances XI. II. III. intitle the ſetter to 
the whole ſtake, or ſum depoſited. If V. or 
IX. ſhould come up, the ſetter's ſhare would 
be 5 of 8, if IV. or X. come up, he will be 
intitled to + of 8, and if VIII. happens to be 
thrown, his expectation will be 8, and 
laſtly, if the chance ſhould happen to be VII. 
_ ſetter's expectation in that caſe would be 
5- of 8, now theſe ſeveral expectations being 


relpedtvely multiplied by their probabilities 
of 
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of taking place, gives —— 2 DOTS TOE EE TG 
xS, the ſetter's total expectation, and con- 
ſequently his required probability equal to 
Z225-, whence the caſter's is £25, 
If V. or IX. be the main, then the ſetter's 
probability for winning the whole ſtake, will 
by the ſame way of reaſoning, be found equal 
a eee ,and 


| 30 EEE 
the caſter's 1425. : | 
Hence it appears that in each caſe the ſet- 


ter has the advantage, and the moſt ſo, when 
the main is VL or VIII. 


PROBLEM IX. 


To find at hazard the 1 that the 
ſetter has for winning the ſum depoſited, 
ſuppoſing he be reſolved to ſet upon the firſt 
main that may happen to be thrown. 


SOLUTION. 


The probability that V. or IX. may be the 
main is , which multiply by +42. The 
PN that VI. or VIII. may be the main 
is 5, let this be multiplied by s. The 

probability that VIII. may be the main is + 
multiply this by 4+, the ſum of theſe pro- i 
- ” _ ducts 
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ducts will give the ſetter's . _— 


cd, that 1 . 


843204007 


Corollary I. 


If the caſter and ſetter each ſtake a guinea, 

the expectation of the latter will be fuch a 
part of two guineas as is denoted by the above 
fraction, and conſequently his gain will be 
s 504795» OT 555575 nearly, multiplied 


| by 1 guinea, which 1s about four pence two 
farthings and + in a guinea. 


Corollary II. 


The Probability of a main is to the pro- 
bability of no main, as 9817 to 10183, or 
as 96 to 100 nearly. 


PROBLEM IXI. 


Suppoſing a certain number of halfpence 

to be thrown up, and all thoſe that come up 
heads to be taken away, and the remaining 
ones to be thrown up again, and ſo on in 
the ſame manner a given number of times, 
ſtill taking away thoſe each throw which 
ſhall happen to come up heads; to find the 
probability of their being all thrown heads 
in a a given number of trials. _ 


SOL U- 
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SoLUTION. | 


Let p be the given number of halfpence, 


and firſt, ſuppoſe 2 the given number of 


throws or trials, put 2a, then a px 
af KHD K Ka 


4 „ probability of throwing (þ) half 
| Pence all heads (according to the preſcription 

given in the problem) in two throws, which 
being divided by 4” is reduced to 1 þpa+ 
DC 
42, equal to to I Ta, which mul- 


pn by ar gives a+a* , the probability of 
ſucceeding in two trials. By the very ſame 
way of reaſoning the probability of ſucceed- 
ing in three throws will be found to be 
a ＋-A , and in four throws a+0'+& 
Ta“, whence the law of continuation is 
manifeſt, wherefore putting (i for the pro- 
poſed number of throws, we ſhall have 
a AD +a*, Sc. . 4 „or by * 
2-2 
1—3 
to 1—a ?, becauſe a=2, for the aan 
required. 


up the geometrical progreſſion equal 


Other wiſe. 


The probability of throwing any number 
of halfpence all heads in any Siven number 


of 
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of throws, by toſſing them all up together, 
1s the ſame as that of bringing them all up 
heads by toſſing them up ſingly the ſame 
number of times. The probability of bring- 


ing up a tail %) times ſucceſſively with a 


ſingle halfpenny is a", that of the contrary 
12, which is the probability of throwing 


one or more heads in thoſe throws, and there 


being juſt the ſame probability of ſucceeding. 
with * of the halfpence, it follows that 


147 will be the probability required, the 
very ſame as before. 


PROBLEM LXI. 


| | Things remaining as in the laſt problem; I 


It is required to find the number of trials ne- 
ceſſary to make it an equal chance that the 


event there * * either happen or 
fail. 
$0LUTION. 


Let x be the number ſought, 8 1—2 * 
is the probability of throwing g þ halfpence all 


heads 1 in x trials therefore 1 AS =. 


I. 


and 1 , whence * = Log. 1—a' . 
Loeg- a a 


PR O- 
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PROBLEM LXIII. 


A and B, whoſe chances for winning any 
ſingle game, are in the proportion of (a) to 
(Y, the former having two crowns, and the 
latter one, are determined to play together, 

each ſtaking a crown every game, until one 
of them has loſt all his money; to find the 
values of their expectations before they begin 
Ss play. 
SOLUTION. 


Suppoſe A has loſt one game, put x 855 
the value of his chance in that caſe, and 
x +y for the value of his chance before they 
begin to play. When A has but one ſtake 
left he has (a) chances for x + y, and ( 
chances for nothing, whence his expectation 


is equal to - 55 5 ; therefore - = x, con- 


ſequently y ===. Again, it is evident that 
before they dei to play, A has (a) chances 
to be in poſſeſſion of three crowns, and ( 
chances for x, in this caſe his expectation 1s 


e Which mult be equal to x-þy, or x 


= whence x = Tes 1 iin 
aacbah which being taken from 3, 


re 3 
leaves 
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leaves xx: 3, which 1s B's expecta- 
yon, before they ___ to play. 


PROBLEM LXIV. 


Io determine the ſame things as in the laſt 
problem, ſuppoſing A has three crowns. 


S8OLUTION. 


Put x-, and x, for the values of A's 

chances when he is ſuppoſed to have loſt one, 
and two ſtakes reſpectively, x + y the 
value of his chance before they begin to play. 


If A loſes two ſtakes his expectation is then 


equal to — 25 > therefore we have — . _ 


* 


x, whence y E. If A loſes only one ſtake, 


tis expeCtation is then equal to TW, 
therefore TY * r Ty, whence 2 — 


4 


7 — , conſequently x + y+2= x += ww _ 
. Now it is evident that before they 
begin to play A has (a) chances to receive 4 


crowns, and () chances for x , in this 


_ caſe the value of his expectation is 7X Dt 2, 


equal to x +y +z, wherein by ſubſtituting 
for y and ⁊ their reſpective values, we get x 


. a Tm . 
. 
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== n and tiene x+y+2= 
„ value of A 
STET GERT 8 EXPEC= 
tation before they begin to play, which being 
ſubtracted from 4 leaves x02 LAS FETs 


equal to B's expectation before they begin to 
Play. 


Corollary *. 
It appears from hence that the numerator 
and denominator of the fraction which de- 
notes A's probability of winning the whole 
ſum, do each conſtitute a ſeries of quantities 
in geometrical progreſſion, whoſe common 
ratio is , wherefore by putting () for A's 
number of ſtakes, his e will be ex- 
preſſed by 
-—” La. nb pant I.4.—, . Sc.. ahr 
LA ee ee, Sc. * 
x i, or (by ſumming up the terms of the 
progreſſions) » + 1 multiplied by . 
ai -N whence B's is bn X @ mb Fl 
4 T- 3 a ＋ er 
mukiplied by 2+ I. 

Cerallary II. 

When a==6, A's expectation becomes -- _ 
*r, and B's n 1+1, that is, 7 and 5” 
1 N r 
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or their reſpective expectations are directiy 
as the ſtakes they have to loſe. 8 


PROBLEM LXV. 


A and B, whoſe chances for winning any 
ſingle game are in the ratio of à to b, the 
former having 7, and the latter » ſtakes, are 
determined to play together, until one of 
them has loſt all; to find the values of their 
* before they begin to Play. 
SOLUTION. | 

- Let x be the value of A's expectation when 
he has loſt all his ſtakes but one, then by 


the laſt problem, wk : AA 2 
the value of A's expectation before they be- 
gin to play. Now to determine the e of 


x. By the laſt problem we have 1 4 YE 
= (un-) for A's expectation when 
B has but one ſtake left, in this caſe A has 
(a) chances for the whole ſum 7+ mm, and 


( chances for the ſaid expectation, whence, 
and by y ſumming up the progreſſion, we get 


„n . | 
x = £ EL = 7 - 2 — * x + 


condi TG. 


SG, v*x 

— + —- be 

2 T += F (0, G . 
5 die 
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* In, which is A's required expectation, 


a4 Ke, 


: b 
hence B's ee 5 Bafa 


mM +1. . 

"= _ Oprollary I. 

When = 1, the ratio of their probabi- 
lities for winning the whole ſum played for, 
is that of a X U. 42 to hn —gnmxbn, 
or b —a*x4a” to bn —a=xbn, that is, 
as an to bn, 


Corollary II. 
When ab, the ratio of their probabili- 
ties above mentioned, becomes that of n to u. 
Corollary III. 


When b is very ſmall with reſpect to a, 
and m and 7 large numbers, 4 and 4" will be 
inconſiderable in regard of a” and a*, in ſuch 


caſe the ſaid ratio will be as a” to h, or as 


1 to Ls 2 nearly. 
Corollary IV. 


I the agreement between them had been 
ſuch, that at every game B ſhould ſet the 
ſtake G to the ſtake L, the advantage or diſ- 

advantage of A may be determined thus: 
Let the reſpective probabilities that A and B 

have for winning the whole ſum played for, 

; N 2 Vix. 


180 8 De Laws of Chance. 


vi. GN L, be denoted by E and F (cheſe 
probabilities are determined by the ſolution 
to the problem) then as A is either to receive 


the ſum 2G, or to pay the ſum L, he has E 
chances to be in poſſeſſion of the ſum 2G + 
m L, and F chances for nothing; whence his 


expectation is — from which 


EFF 


ſubtracting L, his ſum FMT the re- 


EX G F XN IL 
mainder Ef is his gain. 


Note, If the numerical values of the given 


quantities are ſuch, that the gain of A ſhould 


happen to be negative, then the advantage 1 18 
on B's ſide, 


Example I. 


Suvook B to be throwing with two ee, 


and every time 2 aces come up, A to give 


him one guinea, and every time an ace and 


duce B to give A one, and that they agree 


to continue the play on in this manner till 


one of them is a winner of a 100 guineas; 


to find the expectation of each, and the gain 


of A by this agreement. Becauſe there are 
two chances for an ace and duce, and only 


one for 2 aces, a will in this caſe be =2, 


100 


2 Too * 
. 


5 and m = 005 whence ear 


IM 
* 
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200, is A's REO and 7 r IX 200 
2100. . 


is B's, 7881 x 100 is A's gain. 
Example II. 


Let the number of ſtakes on either ſide to 
be won or loſt be equal, and let that num- 
ber be 5, let there alſo be an equality of {kill 
between the gameſters, and ſuppoſe that B 
ſets at every game a ſtake of one guinea to a 
ſtake worth but fifteen ſhillings ; to find the 
gain of A. Here n=n—5, G—21, L 
Ig, El F= 1, when we an 


= ER 22 45 ſhillings, the gain of A. 
From theſe examples, and the foregoing 
corollaries, it will appear, that if A and B 
were to play together for a guinea a game, 
and A has but one ſingle guinea to loſe, but 
B any number let it be ever ſo large, and A 
has the odds of 2 to 1, in each game, he will 
be more likely to win all B's guineas, than 
to loſe his ſingle one. 
Mr Demoivre in his Do&rine of Chances 
gives the following method of — 


SOLUTION. 
Let it be ſuppoſed that A has the counters 
E, F, G, H, Sc. whoſe number is (), and 
that B has the counters I, K, L, M, Sc. whoſe 
| Ny num- 
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number is (m) ; moreover let it be ſuppoſed 


that the counters are the thing played for, 


and the value of each counter is to the value 
of the next following one as 2 to b, in ſuch 
manner as that E, F, G, H, I, K, L, be in 
geometric proportion, this being premiſed, 
we may ſuppoſe that A and B in every cir- 
cumſtance of their play may lay down two 
ſuch counters as may be proportional to the 
number of chances each has to get a ſingle 
counter, for in the beginning of the play A 
may lay down the counter H, which is the 
loweſt of his counters, and B the counter I, 
which is his higheſt, but H: I:: a: 6, there- 
fore A and B play upon equal terms. If A 
beats B, then A may lay down the counter 
A, which he has juſt got of his adverſary, 
and B the counter K, but I: K:: a:6, there- 
fore A and B ſtill play upon equal terms. 
But if A loſe the firſt time, then A may lay 
down the counter G, and B the counter H, 
which he juſt now got of his adverſary, but 
8: H:: 4: b, and theretore they ſtill play 
upon equal terms as before, ſo that as long 
as they play together, they play without ad- 
vantage or diſadvantage. Now the value of 
the expectation which A has of getting all 
the counters of B, 1s the product of the ſum 
he 
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he expects to win, and the probability of ob- 
_ taining it, and the ſame holds in reſpect to 
B, but the expectations of A and B are ſup- 

poſed equal, therefore the probabilities which 
they have reſpectively of winning, are reci- 
procally proportional to the ſums they expect 
to win, that is, are directly proportional to 
the ſums they are poſſeſſed of. Whence the 


probability which A has of winning all the 


counters of B, is to the probability which B 

has of winning all the counters of A, as the 
ſum of the terms E, F, G, H, Sc. whoſe 
number is 2, to the ſum of all the terms I, 
K, L, Sc. whoſe number is , that is, as an 


* * to h a. -, as will eaſily ap- 


pear if thoſe terms which are in geometric 
progreſſion are actually ſummed up by the 
known methods. Now the probabilities of 
winning are not influenced by the ſuppoſi- 
tion here made, of each counter being to the 
following in the proportion of a to 5, and 
therefore when thoſe counters are of equal 
value, or rather ſuppoſed of no value, but 
ſerve only to make the number of ſtakes won 


or loſt on either ſide, the probabilities of win- 


ning will be the ſame as we have aſſigned. 


If by agreement B ſets at every game the 


| ſum G to the ſum L, then will the gain or 


N 4 : advan- 
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advantage of A, be expreſſed by mn & A x 
— 
== 


a — enxb Xa” — 


Demmftration. 


Let R and 8 reſpectively repreſent the pro- 


babilities which A and B have of winning all 
the ſtakes of their adverſary, which proba- 
bilities have been juſt now determined. Let 
us firſt ſuppoſe that the ſums depoſited by A 


and B are equal, vz. G and G, now ſince 


A is either to win the ſum G, or loſe the 
ſam G, it is plain that the gain of A ought 


to be eſtimated by RmG—S 7G : moreover, 


ſince the ſums depoſited are G and G, and 
the proportion of their chances to win one 
game is as @ to b, it follows that the gain of 


A for each individual game —— and 
for the ſame reaſon Foe San of each indivi- 
dual game would be —— - , if the ſums de- 


poſited by A and B were reſpectively L and 
G. Let us therefore now ſuppoſe that they 


are L and G, then in order to find the whole 


gain of A in this ſecond circumſtance, we 
may conſider that whether A and B lay down 
equal or unequal ſtakes, the probabilities 
which either of them has of winning all the 


ſtakes of the other ſufter not thereby any al- 


teration, 


r r ee e GWG * 2 2» „ , , ' —_ 
2 e S 0 FFC S ALE INN // / oO CEE SAN DAM EL Eg ens! ab 8 ' 4 
MC AN TS Is OE SOT ET og $0 5 MEE „ ON 2 T I Uh W 


2 = * F 2 tb 
„ 


ot 


4 „ A a6 into 


Will be mx —— 
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teration, and that the play will be of: the 


lame duration in both cu cumſtances before 


it is determined in favour of either: where- 
fore the gain of each individual game in the 


firſt caſe, is to the gain of each individual 


game in the ſecond, as the whole gain of the 


firſt caſe, to the whole gain of the ſecond, 


and conſequently the whole gain of the ſe- 


aG—BL 
cond caſe will be Rm Su , or 
reſtoring the values of R and 8, mxa® x 
aG—bL 
e holes 


If m—7, and ab, then the gain of A 


GL: 


Let the * of ſtakes be unequal, ſo 
that A be obliged either to win n ſtakes, or 


loſe u ſtakes, ſuppoſe an equality of chance 


between the players, then the gain of A will 


. 
be MX 1X . 


If the number of ſtakes be equal, but the 


{kill of the gameſters unequal, and in the 
propor tion of à to 5, then the gain of A will 


> N n . 


be AX 4 So far Mr Demoivre. 


Aa 


Theſe concluſions concerning the gain of 
A do not agree exactly with thoſe derived by 
our method of ſolution, and the reaſon of it 
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1 take to be, becauſe Mr Demi vre ſuppoſes, 
that the gain of A upon each individual 


game, conſtantly to remain the ſame, VIZ. 8 
aG—bL | 


=, which would indeed be true were 


2 ＋＋ 
the value of his expectation upon each indi- 


vidual game invariable, but notwithſtanding 
the ſums they each ſtake every game are con- 
ſtantly the ſame, yet as the value of the ex- 
pectation from which the ſtake muſt be de- 
ducted to give the gain, is continually vary- 
ing, it ſeems inconſiſtent that his gain upon 
each individual game ſhould be the above- 
mentioned quantity. It may perhaps be ob- 
jected, that as A has at every game (a) chan- 
ces for receiving the ſum G, and () chan- 
ces for paying the 2 . his expectation 
— ; =, this would be ſo 


were it in A's power to quit the play when 
he pleaſed, but by the agreement made be- 
tween them the play is to continue until one 
of them has loſt all, therefore no eſtimate of 
A's gain can be made, but upon ſuppoſition 
that the play is terminated in his favour, 
becauſe he certainly muſt either win the ſum 
m G, or loſe the ſum 2 G. 


thereon 1 18 certainly © 


PR O- 
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PROBLEM LXVI. 


A * undertakes in a certain N 
{n) of throws, with a pair of common dice, 
not only to throw the chances V. and VI. 
but V. before VI. with this reſtriction, that 
if he happens to throw VI. before V. he does 
not indeed loſe his wager, but is to proceed 
as if nothing had been done, ſtill deducting 


ſo many throws as have been vain from the 
number of throws which he had at firſt 


given! him; to find his * 9 of win- 


ning. 
ene 


Let the chances for VI. coming up at one 


throw with two common dice be called (5), 
thoſe for V. (a), the whole number of chan- 
ces upon two dice (s). For the probability 
of throwing V. the firſt throw, and VI. the 


next, that is =, put P, and for the proba- 


bilities of VI. in 2, 3. 45 Fs &c. throws, viz. 
ps: OO 9 — 3 


| 1— 5 ng, 2 1— 


4 * 


L, L. . Su 2 Sc. This W be- 


ing made, take 2, in this caſe his pro- 
bability for winning is P, let z 3. Now if 


he happens to throw V. the firſt trial, he has 


nothing more to do than to throw VI. in the 
two 


Sc. put 


an . - a4 2 — — . r — —— — —— — 
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two following trials; but if he miſſes V. the 
firſt throw, he is then in the laſt mentioned 
circumſtance: wherefore when 7 = 3, his 


probability of winning | 1s XI. . Let 


2=4, then if he happens to throw V. the 
firſt. trial, and VI. in the three following 

trials, he wins, but if he happens to mils * 
the firſt throw, his probability of winning 


will be —xL + xP, whence his total pro- 
babiliry of winning when n —4, is XL 
_— xL'+= xP, and by the very ſame 


: Feed when 7 — 5, his total probability will 
be © 1 LTE xL"+ 


— 1 P. The ſeveral probabilities found in 


this manner being collected together will 
ſtand as in 2 * Table: 
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From hence the law of continuation is ea- 
fily found, the exponent of = — being — 


and the number of terms which compoſe the 
required probability is 2=1, wherefore that 
probability, by reſtoring the values of L, 
L. L. thy = 4 will be e expreſſed by 


— — 


| "Lag 5 i n 5 f * 5 
; 650 .Y x © —, Sc. (11=2 ) minus = into the 
35 —6 n 


ſum af . * — 1 * — + 


— if + 2" , 5b, &c. (1n—2) 


x P, wherefore by ſumming up 


plus = 


the . and ſubtracting the latter 
from the former, we get his required proba- 


bility of winning, equal to — X PA 


5 1—2 
2 | . . 
Sb ＋— 2 Xx X4 
"FUG = þ g 
Corollary. 
If a b, the aforeſaid probability becomes 
. 1—2 
rar — ms 2. 
1 17 — | _—_— * 
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Now for the application to numbers : Let 
n 4, and becauſe a=4, b=5, s== 36, 
the required probability will be equal to 
Die, whuch being ſubtracted from unity 
leaves 252522, and the odds againſt throw- 
ing the chances propoſed according to the 
conditions in the problem, in four throws, 
as 12 to 1 nearly. 


If it were undertaken to throw with a pair 


of common dice in four trials, not only the 


chances VI. and VIII. but alſo VI. before 


VIII. the probability of ſucceeding will be 


found equal to 3 f. 
PROBLEM LXVIL 


To find the number of chances for throw- 


ing (V) points preciſely, with (u) dice, each 


die having /) faces, but with this reſtric- 
tion, that the propoſed points ſhall come up 
without aces. | 


SOLUTION. 


| Conceive that face upon each die which is 
marked with (/) points expunged, then by 
Problem XLV. the chances for (p points pre- 


ciſely, with the dice ſo reduced, is equal to 
LT ns, ws - X > — * CN 7 1 
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into n+ K — x —= = (n—1) into u x= 
Sc. wherein, a = þ „„ D 
+ 2, C2 3/+3, &c. Now if we ſuppoſe 
the number of points upon each face of every 
die to be encreaſed by unity, it is evident, 
that thoſe faces which were before marked I, 
will now be marked II, and thoſe which were 
marked II, will now be marked III, and fo 
of the reſt, and conſequently the aces are all 
expunged. Now as every throw which be- 
fore gave ( points, will in this caſe give 
pu, it follows, that if for p in the above 
expreſſion we write PD, we ſhall have the 


chances required, equal to 
| | p=n—T — * 3 | 
6 1) 


1 


— — x =x © 3 F (= into 2 


— * N . into * 

4 e. — > 

wherein a =p—n—f+1, b =p —n— 
FT 2: c P- u 33,1 Sc. 
Example L =: 


How many chances are there for throw- 


ing preciſely 12 points with four common 
dice, under the above mentioned reſtriction. 


Here p = 12, f=6, n = 4, whence the 


X6X5 
general expreſſion becomes 228 = 35- 


Eaunpi 
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Example Il. 
| To determine the number of chances for 
throwing preciſely 20 points with four com- 
mon dice, excluding aces. Here p = 20, 
f=6, 14, hence we pt XX FX 7 — 
E * N Hf TXTX ITX for the num- 
ber required equal to 35. But the number 
of chances for 20 points with four dice, with- 
out reſtriftion, 1 is alſo 35, whence it appears, 
that if 20 points are thrown with four dice, 
the aces muſt of neceſſity be reſtrained from 
appearing, which is alſo evident for this rea- 
ſon, that no more than 18 points can be 
thrown with three dice. 2 


PROBLEM LXVII. 


Three perſons, A, B, and C, enter into 
play together with a pair of common dice, 
they agree that each perſon ſhall throw in 
turn, and he to be reputed the winner who 
hrſt happens to bring up the greateſt num- 
ber of points at one throw. Now ſuppoſing 
A to have thrown the number VIII; it is 
required to find (before the others begin to 
throw) his expectation upon the ſam depo- 
ſited, which is here ſuppoſed S. 


O ; S o Lu- 


there is only the probability (a for a great- 
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 $oLUTION. 


The probability that B or C do not bring 


up ſo good a chance as A's is 2, wherefore 


A's expectation upon beating both B and C, 


is g x2ixsS. Again, the probability that 
B throvs the ſame chance that A has thrown, 
and C an inferior one, is 5; x 2+, if this 
fhould happen A and B will be upon equality 


of chance, and the expectation of the former 
equal to 5x =: x 3. But as with equal pro- 


bability C * ght have thrown the ſame chance 


with A, and B an inferior one, A's expecta- 


tion in that caſe would have been alſo + x 


x5, Nov if B and C ſhould happen each 
to throw the fame chance that A has, of 


which the probability is % * „, A will be 


intitled to of the ſtake, wherefore $ 5 being 


_ multiplied by 1 g N g and that product add- 


ed to the ſum of the former expectations, 
_ A's ee Aw —=4$53 x8, 


PROBLEM LXIX. 


"Four perſons, A; B, C, and D, playing 
together at raffles, or any other game of the 


ke nature, ſuppoſe the firſt of them A to 


have raffled and got ſuch a number, that 


cr, 
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er, the probability (2) for the ſame, and the 


probability (c for a leſſer number; it is re- 
quired to find his probability of beating all 
the other players B, C, and D. 


SOLUTION. 


| Firſt, the probability that B, C, and D, 


do each bring up inferior chances to A, is 
c, this is one part of A's probability for 
winning the game. Secondly, if B throws 
the ſame chance that A has thrown, and at 
the ſame time C and D inferior chances, of 
which the probability is ax c, A and B will 


be upon equality of chance, and either of 


their probabilities equal to a * Xx. But 
as this circumſtance might with equal pro- 
bability have happened to C or D inſtead of 


B, it follows, that the ſecond part of A's 


probability is equal to 3 x ax c*x +. Third- 
ly, if B and C, or any other two of the 


players, ſhould happen to come upon equa- 


lity of chance with A, and at the ſame time 


the other player be excluded the play, of 
which the probability is 3 x V xc, then 


will A's probability be equal to +x 3 x =- x 
xb*xc. Laſtly, if B, C, and D, ſhould each 
happen to throw the ſame chance with A, 
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then in that caſe they will all four be upon 
equality of chance, and A's probability equal 
to X, conſequently A's total probability 
for beating the other players B, ©, and * 
expreſſed by < ec Wy TX IX —xb + 
. + £0 : 


PROBLEM. LXX. 


The other things remaining as in the laſt 
problem. Let the number of players be call- 


ed »+-1, to determine A's probability of 
beating all his adverſaries. 


SOLUTION. 


The probability that A's chance already 
thrown ſhall be better than any chance the 
other players ſhall happen to throw, is c 
That ſome one of them ſhall come en 
equality with A, and all the others excluded 
the play, is *, which intitles A to 

z the ſum depoſited. The probability that 
two of the players may happen to come up- 
on equality of chance with A, and all the 
remaining players excluded the play, is 1 


XL xb c, which intitles him to = E of 


the ſum depoſited. Again, the probability 
that three of the 22 ers ſhall each throw the 
ſame 
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fame 8 with A, and the others inferior 


chances, is 7 Xx" — xb'xc"-3, this mul- 
tiplied by + gives A's probability of winning 


the ſum depoſited, when all the other players 


but three are excluded the play. From hence 
the law of continuation is manifeſt, and the 
total probability that A has for winning the 
ſum depoſited, will be expreſſed by c" + 
Cs, n XC xb' , nx w= 
TTT 
3 LT 
X C n—3 x 85 | þ" 
bw 


: the ſum of this ſeries it may be neceſſary to 
bbſerve, that the ſum of the numerators of 
the fractions that conſtitute it, being equal 


to c, if we put A, B, C, D, &c. for c®, 
1X, , , ,, N 

Sc. reſpectively, we ſhall have A þi Bb+ 
C4 +DFB, &c.... =o". Now let 5 
be ſuppoſed to become a flowing quantity, 
and let each fide of the equation be multi- 
plied by , from whence we get AB 
+ CSD, &c. . 

and by 19 1 . of — e there 


N A ＋ r — ＋ G. E 


0 3 +6. 


. Ba But in onde to find 
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a1 
Z ; wherein by making v ©, we get 
te =O, which being evidently impoſſible, 


1 1 
it appears that there is wanting the conſtant 


quantity _— to compleat the fluent, which 


bein g added to the ſeries, and the values of 
A, B, C, D, Sc. reſtored, we ſhall have c 


n „ KB nxZxXxc=— * n 
2— 2 a ; Ke. . # 6 | 


— — 3 
c capt | 8 | Wh 
+ rx — 3 or by tranſpoſing | 
1 : + 
Hz A's probability 1 is vn to Fr 
| ci 
I x5 


PROBLEM LXXI. 


Things ſtill remaining as before, let it be 
required to find the number of players neceſ- 
ſary to make A's expectation the greateſt poſ- 


ſible, ſuppoſing that each adventurer We 
a certain ſum 8. 


8 S O L u- 
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SOLUTION. OR 


11 appears by the concluſion of the laſt 
K will expreſs 


Ass probability for beating all his adverſaries 
whoſe number is 2, from whence the value 


FE ne 
of his expectation is <1: _ SR XI 


* 8, this by the nature of the problem muſt 
be a maximum, and therefore the fluxion of 
f-, muſt be equal to nothing. 
But to get the fluxion thereof; let » + 1 be 
called x, and put c＋ d, d* =y, . 

Now xx Log. d = Log. y, and xx Log. c = 


problem, that 


TL. 2. wherefore by taking the fluxions of 


theſe —_— we get ix Log. d — =, and 


# x Log. c = , conſequently ; = # y x Log. 


d, AV . c, and therefore the fluxion 


„ 1 
of T — Tt becomes 7 x 4 125 


21 A which muſt be = o, hence Log. d 
| x der = — *. Cc * ct, W Ae = 
Te 7 now put 7 for the quotient of the 


04 | hyper- 


200 The Laus oh Chance . 
hyperbolic babe of c, divided by the 


1 Log.q. _ 
| and n+1 = Log. d— Log. c* 


Example 1 


Suppoſe A to have thrown the number IX. 
with a pair of common dice, then 5 = =, 
C= 55 = 2, 72, 99373, and thence 
2+ 1= 160, conſequently the greateſt ad- 
vantage that A can poſſibly have will be 
when there are 159 players beſides himſelf. 


Example . 


Suppoſe a perſon at play to have ſuch a 
chance, that there are only the probability 
++ for a greater, +; for the ſame, and 12: 
for a leſſer. Here wa e 1 

227 whence q=,99956, and n+ 1231. 


1 5 7 


In this caſe his greateſt advantage will 5 
when there are 2 go players beſides himſelf. 


0E E M LXXII. 


Two perſons, A and B, (whoſe chances 
for winning any aſſigned game are in the 
ratio of @ to 5) each having a certain num- 


ber 2 of rn _, to play together 
upon 


The Laws of Chance. 201 
upon theſe conditions, viz. that A ſhall 
ſtake () guineas to one each game, and 


that the play ſhall continue until either A is 
incapable to ſet (p) guineas to one, or elſe 


one of them has loſt all his money; from 


hence it is required to find their reſpective ; 
expectations before they begin to Play. 


SOLUTION. 
1 A wins the firſt game and loſes the 15 
cond, of which the probability is * 2 


the play ends, and A has one n left, 


1 
his expectation in this caſe is 1 x 4 *g. 


Again, if he ſhould happen to win the firſt 
and ſecond game, and loſe the third, the play 
will then terminate, and A will have two 
guineas left, the probability that this circum- 


„„ : 

ſtance _— place 1s PX , Whence 2 x 
&* | 
a+ 
ſuppoſed to terminate at the end of four 
games, the value of A. n will in 


* 5 is his expectation. If the play is 18 


that caſe be equal to = * 2 ＋ * 3» and if A 


happens to win four games ſucceſſively and 


* The Laws of Chance. 
X = X 4, from hence the law of continua- 


tion is manifeſt, and by putting 5 2 


we ſhall have A's expectation upon winning 
ſucceſſively 1, 2, 3, 4, &c. to p—1 games, 
and loſing the next following, which termi- 
nates the play, equal to x+2x'+3x* + 

| 4 x*, &c. 4 ix into 2 to this add 

A's expectation upon winning þ times ſuc- 
ceſſively, via. 2pxx*, and the ſum is 2 
total expectation, equal to 2 XX + A 5 
xxþ+2 X + 3 x 4-4 x*, Ec. —1 8 
* . But to find the ſum of x ＋ 2 x* + 
3X ＋ 4X „ &c....p—1 XA, let the ſum 
of x+x*+x*' + x*, Sc. . . x, be found, 
which being a geometrical progreſſion, we 
have x +x +x TA GMG. 4% t= 
, and by taking the fluxion of each ſide 


L—x 


the equation we get ++2x3+3x*++4x 


'S Sc. IX 422 | — F — 


. 


1 , divide each fide of the equation 5 


by +, and multiply the whole by x, there 
3 7 ** Sc. * 
IS. 
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— p- — aac 
X * N 5 2 Ei - , which be- 
| | — 9 
ing multiplied by =p and the dd 
added to 2px X the fum, by reſtoring — 
value of X, will be equal to — ++ — 


RE don Pix. 


4 
tion before they begin to play, which ſub- 
tracted from 2p leaves Bs. 


If a=b, A's expectation becomes 


p 2111 — 2 + 1—þ 
25 e MO 


„As total expecta- 


42 


and B's 


Example 1 


" and B each having three guineas, play 

together with a pair of common dice, A a- 
grees to give B three guineas if the aces come 
up the firſt throw, or to receive one guinea 


of B in caſe VII. comes up at that throw, 


and ſo to continue the play according to the 
conditions mentioned in the problem; to 
determine their reſpective expectations upon 
this agreement. Here p = 3, a=6, b=1, 


whence A's expetation becomes 4,75 gui- 


neas, and B's 1, 5 ; guineas. 
Example 
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605 Eramfi 8 
II A and B play together upon equality of 
kill, each having ten guineas ; what are the 
reſpective values of their expectations? Here 
a = DI, p=1o, whence A's expectation 
18 worth no more than 1, 2, but we __— 


worth 18,2 guineas. 
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